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Abstract
We find new duality transformations which allow us to construct the stress tensors
of all the twisted sectors of any orbifold A(H)/H, where A(H) is the set of all current-
algebraic conformal field theories with a finite symmetry group H ⊂ Aut(g). The
permutation orbifolds with H = Zλ and H = S3 are worked out in full as illustrations
but the general formalism includes both simple and semisimple g. The motivation for
this development is the recently-discovered orbifold Virasoro master equation, whose
solutions are identified by the duality transformations as sectors of the permutation
orbifolds A(Dλ)/Zλ.
∗E-Mail: hllywd2@physics.berkeley.edu
1 Introduction
Recently, an orbifold Virasoro master equation (OVME) was found which summarizes the
general Virasoro construction1
Tˆ (z) =
λ−1∑
r=0
Labr : Jˆ (r)a (z)Jˆ (−r)b (z) : (1.1)
on the orbifold affine algebra2 gλ at order λ. The OVME at λ = 1 is the Virasoro master
equation (VME) which summarizes the general affine-Virasoro construction3−5
T (z) = Lab : Ja(z)Jb(z) : (1.2)
on affine Lie algebra6−8. The coefficients L and L in (1.1) and (1.2) are called inverse inertia
tensors. It was clear for λ ≥ 2 that the OVME collects a large class of stress tensors Tˆ of
twisted sectors of orbifolds, but, except in special cases, these orbifolds were not identified
in Ref. 1.
In the present paper we find sets of new duality transformations which provide relations
among the sectors of the general current-algebraic orbifold. In particular, the new dual-
ity transformations solve the identification puzzle of the OVME and allow the systematic
construction of the stress tensors of all the sectors of any current-algebraic orbifold.
The new duality transformations can be viewed as a synthesis of standard orbifold theory
(see Refs. 9-22, 2, 23 and 24) and the theory of the H-invariant CFT’s (see Refs. 25, 26,
and 5) in the VME: The set A(H) of H-invariant CFT’s on g collects the most general
affine-Virasoro construction T (L) with a finite symmetry group H ⊂ Aut(g), where the Lie
algebra g can be simple or semisimple. Each stress tensor T (L) in A(H) can also serve as
the stress tensor of the untwisted sector of an orbifold A(H)/H . For the stress tensors Tˆσ(L)
of the twisted sectors σ of A(H)/H , the new duality transformations
L→ L(σ;L) (1.3)
give the inverse inertia tensors L(σ) of the twisted sectors in terms of the inverse inertia
tensor L of each H-invariant CFT.
The paper is organized as follows. Our motivation for this development is given in Sec. 2,
where we find the first duality transformation which identifies all the solutions of the OVME
as sectors of the orbifolds
A(Dλ)
Zλ
, Zλ ⊂ Dλ ⊂ Aut(g), g = ⊕λ−1J=0gJ , gJ ∼= g. (1.4)
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Here the cyclic group Zλ and the dihedral group Dλ permute the copies {gJ}, and A(Dλ) is
any Dλ(permutation)-invariant CFT on g.
The technical center of the paper is found in Secs. 3 and 4. In Sec. 3, we generalize the
result of Sec. 2 to find a set of duality transformations which constructs the stress tensors of
all the sectors of the orbifolds
A(Zλ)
Zλ
⊃ A(Dλ)
Zλ
. (1.5)
In these cases, the untwisted sector of each orbifold is described by the stress tensor
T (z) =
λ−1∑
J,L=0
LabJ−L : JaJ(z)JbL(z) :, a, b = 1, ..., dimg (1.6)
of any Zλ(permutation)-invariant CFT on g. Here, JaJ are λ copies of currents at level k
and LabJ−L is any solution of the reduced VME of the Zλ(permutation)-invariant CFT’s (see
Subsec. 3.2). The stress tensors Tˆσ of the twisted sectors σ of the orbifolds A(Zλ)/Zλ are
then obtained by the duality transformations in terms of the solution LabJ−L as
Tˆσ(z) =
ρ(σ)−1∑
r=0
λ
ρ(σ)
−1∑
j,l=0
La(j)b(l)r (σ) : Jˆ (r)aj (z)Jˆ (−r)bl (z) :, σ = 1, ..., λ− 1 (1.7a)
La(j)b(l)r (σ) =
1
ρ(σ)
ρ(σ)−1∑
s=0
e−
2piiN(σ)rs
ρ(σ) Labλ
ρ(σ)
s+j−l
(1.7b)
gρ(σ) = ⊕
λ
ρ(σ)
−1
j=0 g
j
ρ(σ) (1.7c)
where Jˆ
(r)
aj satisfies the orbifold affine algebra gρ(σ). Here ρ(σ) is the order of the orbifold
affine algebra and also the order of the element hσ of Zλ. The integers N(σ) are defined in
the text.
The explicit form of the new duality transformations in (1.7b) is a central result of
this paper, and, in this case, the duality transformations are seen to be discrete Fourier
transforms. Using (1.7) and the representation theory of orbifold affine algebra2, we compute
in Eq. (3.49) the ground state conformal weights ∆ˆ0(σ) of all the sectors of any orbifold
A(Zλ)/Zλ. In Sec. 4 we also find the cyclic orbifold Virasoro master equation, which contains
all the sectors of the orbifolds A(Zλ)/Zλ.
Extending the development of Sec. 3, general orbifolds of the form
A(H)
H
, H ⊂ Aut(g) (1.8)
are discussed for each fixed H in Sec. 5, where A(H) is any H-invariant CFT on the ambient
Lie algebra g. Here the symmetry group H can be any finite subgroup of inner or outer
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automorphisms of g, which itself may be simple or semisimple. Formally, H can be extended
to Lie groups. Our results in this section include the form of the general twisted current
algebra for all H ⊂ Aut(g) and the general duality transformations (which include (1.7)) for
the stress tensors of the twisted sectors of any orbifold A(H)/H . We also give the A(H)/H
orbifold Virasoro master equation which collects the inverse inertia tensors of each sector σ of
all the orbifolds A(H)/H at fixed H ⊂ Aut(g). The general formulation is complete up to the
solution of a well-defined eigenvalue problem for each symmetry group. The representation
theory of the general twisted current algebra is apparently a synthesis of the representation
theories of previously-known cases.
The explicit form of the stress tensors of all the permutation orbifolds A(S3)/S3 is ob-
tained in Subsec. 5.3 and simple examples in A(Zλ)/Zλ are discussed in Subsec. 4.4 and
App. E. A number of conceptual matters are also noted in App. E, including “copy” orb-
ifolds versus “interacting” orbifolds and the “uncertainty relations” associated to the duality
transformations.
2 Solution of the OVME Identification Puzzle
In this section, the OVME identification puzzle is reviewed and solved. The central obser-
vation here is the first duality transformation, which maps the solutions of the OVME onto
a particular set of solutions of the VME.
2.1 Orbifold affine algebra
We begin with the orbifold affine algebra2 gλ
Jˆ (r)a (z)Jˆ
(s)
b (w) =
Gˆabδr+s,0 mod λ
(z − w)2 +
if cab Jˆ
(r+s)
c (w)
(z − w) +O((z − w)
0) (2.1a)
Jˆ (r)a (z) =
∑
m∈Z
Jˆ (r)a (m+
r
λ
) z−1−m−
r
λ , Jˆ (r)a (ze
2πi) = e−
2piir
λ Jˆ (r)a (z) (2.1b)
Jˆ (r±λ)(z) = Jˆ (r)(z) (periodicity convention) (2.1c)
Jˆ (r)a (m+
r
λ
)|0〉 = 0 when (m+ r
λ
) ≥ 0 (2.1d)
a, b = 1, ..., dimg, r, s = 0, ..., λ− 1, m ∈ Z (2.1e)
where the order λ of gλ is any positive integer and gλ=1 is affine Lie algebra
6−8. The state
|0〉 is the ground state of the algebra. The quantities f cab are the structure constants of any
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semisimple Lie algebra g and the metric Gˆab is
Gˆab =
S−1⊕
α=0
kˆαη
α
ab, kˆα = λkα, g = ⊕S−1α=0gα (2.2)
when g has S generically distinct simple components gα, α = 0, ..., S − 1. Here ηαab is the
Killing metric of gα and unitarity on compact g requires that the invariant levels xˆα satisfy
xˆα = λxα, xα =
2kα
ψ2α
∈ Z+ (2.3)
where ψα is the highest root of g
α. The metric in (2.2) assigns the same order λ
gλ ≡ ⊕S−1α=0gαλ (2.4)
to each component gαλ of the orbifold affine algebra.
The representation theory of orbifold affine algebras (including the ground state property
(2.1d) and the unitarity statement (2.3)) was obtained via the orbifold induction procedure
in Ref. 2, to which the reader is referred for further detail. It was also argued in Ref. 2
that orbifold affine algebras occur in the twisted sectors of cyclic orbifolds, and a more
conventional derivation of orbifold affine algebra (indicated but not completed in Ref. 2) is
given in Sec. 3.
2.2 The OVME
Recently, a large class of conformal stress tensors1
Tˆ (z)Tˆ (w) =
cˆ/2
(z − w)4 +
2Tˆ (w)
(z − w)2 +
∂wTˆ (w)
(z − w) +O((z − w)
0) (2.5a)
Tˆ (z) =
λ−1∑
r=0
Labr : Jˆ (r)a (z)Jˆ (−r)b (z) : (2.5b)
Labr = 2Lacr GˆcdLdbr −
λ−1∑
s=0
Lcds [Lefr+sf ace f bdf + f fce f (adf Lb)er ] (2.5c)
Labr = Lbar (a↔ b symmetry) (2.5d)
Labr±λ = Labr (periodicity) (2.5e)
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Labr = Labλ−r (gauge condition) (2.5f)
cˆ = 2Gˆab
λ−1∑
r=0
Labr , ∆ˆ0 = Gˆab
λ−1∑
r=0
Labr
r(λ− r)
2λ2
(2.5g)
was constructed on the orbifold affine algebra gλ, where (2.5c-f) is called the orbifold Virasoro
master equation (OVME). The operator-product normal ordering
: A(w)B(w) :=
∮
w
dz
2pii
A(z)B(w)
z − w (2.6)
is used throughout this paper, where the contour does not encircle the origin.
In (2.5), the set of coefficients L, called collectively the inverse inertia tensor of Tˆ , is any
solution of the OVME. The quantity cˆ is the central charge of any solution L and ∆ˆ0 is the
conformal weight of the ground state
Tˆ (z) =
∑
m∈Z
L(m)z−m−2, L(m ≥ 0)|0〉 = δm,0∆ˆ0|0〉. (2.7)
The symmetries (2.5d), (2.5e) and (2.5f) of the solutions of the OVME will play an important
role in the present paper and we will sometimes need combinations of these such as
Labr = Lab−r, r = 0, ..., λ− 1 (2.8)
which combines the gauge condition with periodicity.
The OVME is a large algebraic system, consisting of
nD(g, λ) = (⌊λ
2
⌋+ 1)dimg(dimg + 1)
2
(2.9)
coupled quadratic equations for the same number of independent unknowns L. ⌊x⌋ is the
integer less than or equal to x. The number of physically inequivalent solutions to the OVME
is therefore expected to be
ND(g, λ) = 2
nD(g,λ)−dimg (2.10)
for each set of levels {xα} of gλ. Many properties and new solutions of the OVME were
discussed in Ref. 1, to which we refer the reader for further detail.
Two simple facts about the OVME will be important for our development here. First,
the OVME contains the Virasoro master equation3−5 (VME) when λ = 1,
λ = 1 : OVME → VME (2.11)
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and in this case the conformal weight ∆ˆ0 → ∆0 of the ground state is zero. Other relevant
properties of the VME will be reviewed in Subsec. 2.4. Second, the result (2.5g) shows that
the ground state conformal weight of the generic solution of the OVME is nonvanishing,
λ ≥ 2 : ∆ˆ0 6= 0 (2.12)
which indicates that each solution of the OVME for λ ≥ 2 gives a stress tensor of a twisted
sector of an orbifold. Except in special cases, however, these orbifolds were not identified in
Ref. 1. This is the OVME identification puzzle.
In what follows we find a new duality transformation which identifies the orbifolds of the
OVME.
2.3 The First duality transformation
For this analysis, it is convenient to introduce a more explicit notation,
a, b→ a(α), b(β), Gˆab → Gˆa(α)b(β) (2.13a)
α, β = 0, ..., S − 1, a(α) = 1, ..., dimgα, b(β) = 1, ..., dimgβ (2.13b)
Gˆa(α)b(β) = Gˆ
(α)
ab δαβ , Gˆ
(α)
ab = λG
(α)
ab , G
(α)
ab = kαη
α
ab (2.13c)
f
c(γ)
a(α)b(β) = f
(α) c
ab δαβδ
γ
β (2.13d)
for the semisimplicity specified by the composite indices a, b in (2.2) and (2.4). The symme-
tries (2.5d), (2.5e) and (2.5f) of the solutions of the OVME take the form
La(α)b(β)r = Lb(β)a(α)r (a(·)↔ b(·)) (2.14a)
= La(α)b(β)r±λ (periodicity) (2.14b)
= La(α)b(β)λ−r (gauge condition) (2.14c)
in the explicit notation.
The first duality transformation is the discrete Fourier transform L of any solution L of
the OVME,
L
a(α)b(β)
J−L ≡
λ−1∑
r=0
e
2pii(J−L)r
λ La(α)b(β)r (2.15a)
L
a(α)b(β)
J−L±λ = L
a(α)b(β)
J−L (periodicity) (2.15b)
J, L = 0, ..., λ− 1 (2.15c)
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and its inverse (see Eq. (2.5e))
La(α)b(β)r =
1
λ
λ−1∑
K=0
e−
2piiKr
λ L
a(α)b(β)
K (2.16)
which follows from the identity (A.1). The Fourier transform inherits the symmetries
L
a(α)b(β)
J−L = L
b(β)a(α)
J−L (from a(·)↔ b(·) of OVME ) (2.17a)
= L
a(α)b(β)
L−J (from gauge condition and periodicity of OVME) (2.17b)
which, together with the periodicity condition (2.15b), will play an important role in the
discussion below.
We now consider the Fourier transform of each term in the OVME, for example
∑
r,γ
e
2pii(J−L)r
λ La(α)c(γ)r Gˆ(γ)cd Ld(γ)b(β)r =
1
λ2
∑
r,M,N,γ
e
2pii(J−L+M+N)r
λ L
a(α)c(γ)
M Gˆ
(γ)
cd L
d(γ)b(β)
N (2.18a)
=
1
λ
∑
M,N,γ
δJ−L+M+N,0 mod λL
a(α)c(γ)
M Gˆ
(γ)
cd L
d(γ)b(β)
N =
∑
M,γ
L
a(α)c(γ)
L−J−MG
(γ)
cd L
d(γ)b(β)
M (2.18b)
where we have used Eqs. (2.5e) and (A.1). Collecting all the terms, we find the dual form
of the OVME:
L
a(α)b(β)
J−L = 2
λ−1∑
M=0
S−1∑
γ=0
L
a(α)c(γ)
J−L−MG
(γ)
cd L
d(γ)b(β)
M − Lc(α)d(β)J−L Le(α)f(β)J−L f (α) ace f (β) bdf
−Lc(α)d(α)0 f (α) fce f (α) adf Lb(β)e(α)J−L − Lc(β)d(β)0 f (β) fce f (β) bdf La(α)e(β)J−L (2.19a)
L
a(α)b(β)
J−L = L
b(β)a(α)
J−L = L
a(α)b(β)
L−J (2.19b)
a(α) = 1, ..., dimgα, α, β = 0, ..., S − 1, J, L = 0, ..., λ− 1. (2.19c)
Similarly, we find for the dual form of the central charge
cˆ = 2
S−1∑
α,β=0
Gˆa(α)b(β)
λ−1∑
r=0
La(α)b(β)r = 2
S−1∑
α=0
Gˆ
(α)
ab
λ−1∑
r=0
La(α)b(α)r = 2λ
S−1∑
α=0
G
(α)
ab L
a(α)b(α)
0 (2.20)
where we have used (2.16) and (A.1) to obtain the last form of cˆ.
Including the symmetries (2.19b) of L, the dual form of the OVME is seen to have the
same number of equations and unknowns nD (and hence the same number of solutions ND)
as those given for the OVME in (2.9) and (2.10).
In the following subsection, we will identify the dual system (2.19), (2.20) as a certain
consistent subansatz of the Virasoro master equation.
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2.4 The Dλ(permutation)-invariant CFT’s in the VME
We consider next the general affine-Virasoro construction3−5
T (z)T (w) =
c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂wT (w)
(z − w) +O((z − w)
0) (2.21a)
T (z) = Lab : Ja(z)Jb(z) :, a, b = 1, .., dimg (2.21b)
Lab = 2LacGcdL
db − LcdLeff ace f bdf − Lcdf fce f (adf Lb)e (2.21c)
Lab = Lba (a↔ b symmetry) (2.21d)
c = 2GabL
ab (2.21e)
on the currents J of the affine Lie algebra6−8 on g
Ja(z)Jb(w) =
Gab
(z − w)2 +
if cab Jc(w)
(z − w) +O((z − w)
0) (2.22a)
Ja(ze
2πi) = Ja(z). (2.22b)
Here (2.21c) is the Virasoro master equation (VME) and L, called the inverse inertia tensor
of T , is any solution of the VME.
With an eye to the previous subsection, we choose here the specific semisimplicity :
g ≡ ⊕λ−1I=0gI , gI = ⊕S−1α=0gαI ∼= g (2.23a)
a, b→ a(αJ), b(βL), Gab → Ga(αJ)b(βL) (2.23b)
Ga(αJ)b(βL) = Ga(α)b(β)δJL, Ga(α)b(β) = G
(α)
ab δαβ , G
(α)
ab = kαη
α
ab (2.23c)
f
c(γM)
a(αJ)b(βL) = f
(α) c
ab δαβδ
γ
α δJLδ
M
J (2.23d)
α, β, γ = 0, ..., S − 1, I, J, L,M = 0, ..., λ− 1 (2.23e)
where Greek letters α, β, ... label S generically distinct simple components and capital letters
I, J, ... label λ copies of the same Lie algebra gI ∼= g defined in (2.2). The quantities G(α)ab
and f
(α) c
ab in (2.23c) and (2.23d) are the metric and structure constants of the distinct
components, and we emphasize that these quantities are exactly those defined in (2.13).
We focus next on the Dλ(permutation)-invariant CFT’s
a on g, which are all the solutions
of the VME with a dihedral symmetry Dλ that permutes the copies of the algebra g:
La(α,J)b(β,L) = Lb(β,L)a(α,J) (a(·)↔ b(·)) (2.24a)
aThe H-invariant CFT’s on g are discussed in Refs. 25, 26 and 5: For any H ⊂ Aut(g), the H-invariant
CFT’s A(H) on g are described by a consistent subansatz of the VME, i.e. a reduced VME with an equal
number of equations and unknowns. It is also known that A(H1) ⊃ A(H2) when H1 ⊂ H2 ⊂ Aut(g).
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= La(α,J±λ)b(β,L) = La(α,J)b(β,L±λ) (periodicity) (2.24b)
= La(α,L)b(β,J) (reflection: s ∈ Dλ) (2.24c)
= La(α,J+1)b(β,L+1) (Zλ (in Dλ) invariance). (2.24d)
The solution of the cyclic condition (2.24d) is
La(α,J)b(β,L) = L
a(α)b(β)
J−L (2.25a)
= L
b(β)a(α)
L−J (a(·)↔ b(·)) (2.25b)
= L
a(α)b(β)
J−L±λ (periodicity) (2.25c)
= L
a(α)b(β)
L−J (reflection) (2.25d)
and we recognize these symmetries as identical to those of the Fourier transform L in (2.15)
and (2.17).
Moreover, using the VME (2.21c) to work out the reduced VME of the Dλ(permutation)-
invariant CFT’s, we find exactly the dual form of the OVME in (2.19)!
This allows us to identify the Fourier transform L of any particular solution L of the
OVME as the inverse inertia tensor L of a particular Dλ(permutation)-invariant CFT.
Finally, we may rearrange the central charge (2.21e) to find that
c = 2Ga(αJ)b(βL)L
a(αJ)b(βL) = 2λ
∑
α
G
(α)
ab L
a(α)b(α)
0 = cˆ (2.26)
where we have used (2.23c) and (2.20). This relation tells us that the central charge c of
the Dλ(permutation)-invariant CFT is the same as the central charge cˆ of the solution of the
OVME.
Our interpretationb of these phenomena is that the first duality transformation in
(2.15) and (2.16):
L ↔ L (2.27)
identifies each solution L of the OVME as the inverse inertia tensor of a twisted
sector of the orbifold
A(Dλ)
Zλ
, Zλ ⊂ Dλ ⊂ Aut(g), g = ⊕λ−1J=0gJ , gJ ∼= g (2.28)
where A(Dλ) is the Dλ(permutation)-invariant CFT specified by the solution L
of the VME. The following section provides an alternate and more general derivation of
bAs we will discuss in a sequel, the sectors described by the OVME also occur in the permutation orbifolds
A(Dλ)/Dλ.
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this interpretation in the context of standard orbifold theory. The alternate derivation will
also construct the stress tensors of all the other twisted sectors of each orbifold A(Dλ)/Zλ,
beyond the single sector Tˆ in (2.5b).
For reference below we also introduce the following partially composite notation:
a(αJ), b(βL)→ a(J), b(L) (2.29a)
Ga(αJ)b(βL) → Ga(J)b(L) = G′abδJL, Ga(α)b(β) → G′ab ≡ ⊕α kαη
α
ab (2.29b)
f
c(γM)
a(αJ)b(βL) → f cab δJLδ ML (2.29c)
La(αJ)b(βL) → La(J)b(L) = LabJ−L, Ja(αJ) → Ja(J) = JaJ (2.29d)
which suppresses the semisimplicity labeled by α, β or γ but leaves explicit the semisimplicity
of the copies labeled by J, L or M .
In this notation, the Dλ(permutation)-invariant CFT’s take the form
T (z) =
λ−1∑
J,L=0
LabJ−L : JaJ (z)JbL(z) : (2.30a)
LabJ−L = 2
λ−1∑
M=0
LacJ−L−MG
′
cdL
db
M − LcdJ−LLefJ−Lf ace f bdf − Lcd0 f fce f (adf Lb) eJ−L (2.30b)
LabJ−L = L
ba
J−L = L
ab
L−J = L
ab
J−L±λ (2.30c)
c = 2
λ−1∑
J,L=0
Ga(J)b(L)L
a(J)b(L) = 2λG′abL
ab
0 . (2.30d)
a, b = 1, ..., dimg, gI ∼= g, J, L = 0, ..., λ− 1. (2.30e)
This system retains the numbers nD and ND of unknowns, equations and solutions given in
(2.9) and (2.10). We will also need the first duality transformation
LabJ−L ≡
λ−1∑
r=0
e
2pii(J−L)r
λ Labr , Labr =
1
λ
λ−1∑
K=0
e−
2piiKr
λ LabK (2.31)
in this notation.
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3 The orbifolds of the Zλ(permutation)-invariant CFT’s
In this section we develop a synthesis of standardc orbifold theory (see Refs. 9-24, and in
particular Subsec. 3.8 of Ref. 2) and the theory of the H-invariant CFT’s on g (see Refs. 25,
26 and 5) for the case H = Zλ(permutation). In particular, we use this development to
find a set of duality transformations which gives the stress tensors of all the sectors of every
orbifold
A(Zλ)
Zλ
(3.1)
where A(Zλ) is any Zλ(permutation)-invariant CFT. The results include as special cases all
the sectors of all the orbifolds
A(Dλ)
Zλ
⊂ A(Zλ)
Zλ
, Dλ(permutation) ⊃ Zλ(permutation) (3.2)
associated to the OVME. General orbifold theory A(H)/H , H ⊂ Aut(g) is considered along
the same lines in Sec. 5.
3.1 Zλ automorphisms
We consider first the Zλ automorphisms of λ copies {gI} of a simple algebra g and their
corresponding currents JaI ≡ Ja(I), where each copy is taken at affine level k,
g = ⊕λ−1I=0gI , gI ∼= g (3.3a)
Ga(J)b(L) = GabδJL, Gab = kηab, f
c(M)
a(J)b(L) = f
c
ab δJLδ
M
L (3.3b)
JaJ (z)JbL(w) = δJL[
kηab
(z − w)2 +
if cab JcJ(w)
(z − w) ] +O((z − w)
0) (3.3c)
a, b = 1, ..., dimg, I, J, L,M = 0, ..., λ− 1. (3.3d)
This corresponds to the case S = 1 in Subsec. 2.4, and the generalization to arbitrary S is
discussed in Sec. 4. The elements of Zλ are
hσ ∈ Zλ ⊂ Aut(g), hσhσ′ = hσ+σ′ mod λ (3.4a)
σ = 0, ..., λ− 1 (3.4b)
cAt the level of examples, the algebraic approach9−12 to orbifold theory predates the geometric
approach13−16. In particular, twisted scalar fields, a twisted “copy” of a chiral algebra in a twisted sec-
tor, and coupling to the untwisted sector were noted as early as 1971 in Sec. 4 of Ref. 9.
11
where h0 is the identity element. Let ω(hσ) be the regular representation of hσ so that
JaJ(z)
′ = ω(hσ)JLJaL(z), ω(hσ) ∈ Zλ ⊂ Aut(g) (3.5a)
ω(hσ)JL = δJ+σ,L mod λ (3.5b)
is an (outer) automorphism of the affine algebra.
For the discussion below, we will need some definitions. Let ρ(σ) be the order of hσ and
ω(hσ), so that ρ(σ) is the smallest positive integer satisfying
ω(hσ)
ρ(σ) = 1. (3.6)
It is known that ρ(λ− σ) = ρ(σ), and we also define two integers M(σ) and N(σ) for each
element hσ
M(σ) =
σρ(σ)
λ
(3.7a)
N(σ)M(σ) = 1 mod ρ(σ) (3.7b)
where we choose the conventions
N(0) = 0; 1 ≤ N(σ) ≤ ρ(σ)− 1, σ = 1, ..., λ− 1. (3.8)
As an example, note that ρ(1) = λ and hence M(1) = N(1) = 1. Other examples and a
closed form for N(σ) are given in App. B.
3.2 The Zλ(permutation)-invariant CFT’s
The set A(Zλ) of Zλ(permutation)-invariant conformal field theories is defined to include all
inverse inertia tensors L in the VME which are invariant under all the Zλ automorphisms in
(3.4):
La(J
′)b(L′) ω(hσ)J ′J ω(hσ)L′L = L
a(J)b(L), σ = 0, .., λ− 1 (3.9a)
La(J)b(L) = Lb(L)a(J) (a(·)↔ b(·) symmetry). (3.9b)
The solution of (3.9a) and (3.9b) is
La(J)b(L) = La(J+1)b(L+1) = LabJ−L (Zλ invariance) (3.10a)
LabJ−L = L
ba
L−J (a(·)↔ b(·) symmetry) (3.10b)
and we will also specify the periodicity
LabJ−L±λ = L
ab
J−L. (3.11)
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Note that these specifications differ from the Dλ(permutation)-invariant CFT’s A(Dλ) be-
cause (3.10) and (3.11) do not include the reflection symmetry (2.24c). Of course
A(Dλ) ⊂ A(Zλ) (3.12)
because the solutions with the extra condition (2.24c) are included as special cases of the
Zλ(permutation)-invariant CFT’s.
The reduced system which describes the set of all Zλ(permutation)-invariant CFT’s
T (z) =
λ−1∑
J,L=0
LabJ−L : JaJ(z)JbL(z) : (3.13a)
LabJ−L = 2k
λ−1∑
M=0
LacJ−L−MηcdL
db
M − LcdJ−LLefJ−Lf ace f bdf
−Lcd0 f fce [f adf LbeL−J + f bdf LaeJ−L] (3.13b)
LabJ−L = L
ba
L−J = L
ab
J−L±λ (3.13c)
c = 2λkηabL
ab
0 (3.13d)
a, b = 1, ..., dimg, J, L = 0, ..., λ− 1 (3.13e)
then follows from the general affine-Virasoro construction (2.21).
Using the symmetries in (3.13c), one finds that the inverse inertia tensors can be pulled
back into the fundamental range
LabK , 1 ≤ K ≤ ⌊
λ− 1
2
⌋, ∀ a, b; Lab0 , ∀ a ≤ b (3.14a)
Labλ
2
, ∀ a ≤ b when λ is even. (3.14b)
It follows that the reduced VME (3.13 b,c) is a consistent system with
nC(g, λ) = dimg{λ(dimg− 1)
2
+ ⌊λ
2
⌋+ 1}, gI ∼= g (3.15)
equations and unknowns, and hence the generically-expected number of Zλ(permutation)-
invariant CFT’s is
NC(g, λ) = 2
nC(g,λ)−dimg (3.16)
on each level k of g. The numbers NC in (3.16) and ND in (2.10) agree for λ = 2 because
Z2
∼= D2. Numerically one finds for example that
NC(SU(2), λ = 2) = 512, NC(SU(2), λ = 3) = 4096 (3.17a)
13
NC(SU(3), λ = 2) ≈ 18 quintillion (3.17b)
and the number of Zλ(permutation)-invariant CFT’s increases exponentially with increasing
λ and/or dimg.
The reduced system (3.13) also inherits many of the properties of the VME, including
K-conjugation8,27−29,3,5
T˜ (z) = Tg(z)− T (z), T˜ (z)T (w) = O((z − w)0) (3.18a)
L˜abJ−L = (L
ab
J−L)g − LabJ−L, c˜ = cg − c (3.18b)
(LabJ−L)g = δJL
ηab
2k +Qg
, cg =
2λkdimg
2k +Qg
(3.18c)
where Tg is the affine-Sugawara construction
8,27,30−32 on g = ⊕λ−1I=0gI , gI ∼= g.
It should be emphasized that many other solutions of the reduced VME in (3.13) are
known, including those coset constructions8,27,28 which are Zλ-invariant on semisimple g (see
App. E), as well as the unitary irrational solutions called (simply-laced g)q in Ref. 33.
3.3 Eigenvalue problem
In what follows we will need the solution of the eigenvalue problem
∑
L
ω(hσ)JLU
†(σ)L;rj = U
†(σ)J+σ;rj = U
†(σ)J ;rj Er(σ) (3.19a)
U †(σ)J+λ;rj = U
†(σ)J ;rj, U
†(σ)J ;r+ρ(σ),j = U
†(σ)J ;r,j (3.19b)
r, s = 0, ..., ρ(σ)− 1 (spectral index) (3.19c)
j, l = 0, ...,
λ
ρ(σ)
− 1 (degeneracy index) (3.19d)
σ = 0, ..., λ− 1 (3.19e)
for each element ω of the automorphism group Zλ ⊂ Aut(g). Because each ω is an orthogonal
matrix, the matrix of eigenvectors can be taken to be unitary:
∑
J
Urj;J(U
†)J ;sl = δr,s mod ρ δj,l mod λ
ρ
,
∑
r,j
(U †)J ;rj Urj;L = δJ,L mod λ (3.20)
and we often omit the label σ as seen here. The spectral resolution of each automorphism
ωJL =
∑
r,j
(U †)J ;rj Er Urj;L (3.21)
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will also be useful below.
Solution of the eigenvalue problem is straightforward. Because ω(hσ) has order ρ(σ), we
know that its eigenvalues are the ρth roots of unity, and we may choose the uniform ordering
convention
Er(σ) = e
− 2piir
ρ(σ) (3.22)
for the eigenvalues. With this convention we may also choose
U∗r,j;J = U−r,j;J (3.23a)∑
J
Ur,j;JUs,l;J = δr+s,0 mod ρ δj,l mod λ
ρ
,
∑
r,j
U−r,j;JUr,j;L = δJ,L mod λ (3.23b)
because each ω is real.
An explicit solution which satisfies all these conditions (see (A.2)) is
U(σ)rj;J =
1√
ρ(σ)
e−
2piiN(σ)r(j−J)
λ δj,J mod λ
ρ(σ)
, U †(σ)J ;rj =
1√
ρ(σ)
e
2piiN(σ)r(j−J)
λ δj,J mod λ
ρ(σ)
(3.24)
and this solution also satisfies the relation
U(σ)r,j;JU(σ)s,l;J = δj,l mod λ
ρ(σ)
U(σ)r+s,l;J (3.25)
(see (A.3)). The general solution U of the eigenvalue problem (3.19) is given in App. C,
where it is also shown that the extra structure in U corresponds to automorphisms of the
orbifold affine algebra.
3.4 The eigencurrents of sector σ
We return to the currents JaI , I = 0, ..., λ − 1 on semisimple g = ⊕λ−1I=0gI , gI ∼= g which
satisfy the affine algebra
JaJ (z)JbL(w) = δJL[
kηab
(z − w)2 +
if cab JcJ(w)
(z − w) ] +O((z − w)
0) (3.26a)
JaI(ze
2πi) = JaI(z), a, b = 1, ..., dimg, I, J, L = 0, ..., λ− 1 (3.26b)
and we recall the off-diagonal action
JaJ(z)
′ = ω(hσ)JLJaL(z), ω(hσ) ∈ Zλ (3.27)
of the Zλ automorphisms on these currents. Next, we define the eigencurrents J of sector
σ
Ja,rj(z) ≡
√
ρ(σ)
λ−1∑
J=0
U(σ)rj;JJa,J(z) =
ρ(σ)−1∑
s=0
e
2piiN(σ)rs
ρ(σ) Ja, λ
ρ(σ)
s+j(z) (3.28a)
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Ja;r+ρ(σ),j(z) = Ja;r,j(z) (3.28b)
JaI(z) =
1√
ρ(σ)
∑
r,j
U †(σ)I;rjJa,rj(z) = 1
ρ(σ)
ρ(σ)−1∑
r=0
e−
2piiN(σ)r⌊
ρ(σ)
λ
I⌋
ρ(σ) Ja,r,I mod λ
ρ(σ)
(z) (3.28c)
on which the automorphism (3.27) acts diagonally
Ja,rj(z)′ =
√
ρ(σ)
λ−1∑
I=0
U(σ)rj;IJaI(z)
′ = Er(σ)Ja,rj(z) (3.29)
according to (3.27) and (3.21).
Using (3.26), (3.28a), (3.23) and (3.25), we find that the eigencurrents satisfy the algebra
Ja,rj(z)Jb,sl(w) = δjl[
ρ(σ)kηabδr+s,0 mod ρ(σ)
(z − w)2 +
if cab Jc;r+s,j(w)
(z − w) ] +O((z − w)
0) (3.30a)
Ja,rj(ze2πi) = Ja,rj(z) (3.30b)
r, s = 0, ..., ρ(σ)− 1, j, l = 0, ..., λ
ρ(σ)
− 1 (3.30c)
for each σ = 0, ..., λ− 1.
3.5 The twisted currents of sector σ
In abelian orbifold theory9−22,2,23,24, there is an orbifold sector for each element σ = 0, ..., λ−1
of the automorphism group, where the trivial element σ = 0 corresponds to the untwisted
sector and σ = 1, .., λ − 1 are the twisted sectors. In each sector σ, one has the twisted
currents Jˆ which are in one to one correspondence with the eigencurrents J of that sector
Ja,rj(z)←→σ Jˆ (r)aj (z) ≡ Jˆ (r)a(j)(z), σ = 0, ..., λ− 1. (3.31)
The aspects of this correspondence are twofold: In the first place, the twisted currents of
sector σ have the diagonal monodromy
Jˆ
(r)
aj (ze
2πi) = Er(σ) Jˆ
(r)
aj (z), Er(σ) = e
− 2piir
ρ(σ) (3.32)
which corresponds to the diagonal action (3.29) of hσ on the eigencurrents. Second, the
twisted currents of sector σ satisfy a twisted current algebra whose OPE form (but not its
mode form) is isomorphic to the OPE’s (3.30a) of the eigencurrents of that sector.
Combining these two properties, we find that the twisted currents Jˆ of sector σ satisfy
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Jˆ
(r)
aj (z)Jˆ
(s)
bl (w)=δjl[
ρ(σ)kηabδr+s,0 mod ρ(σ)
(z − w)2 +
if cab Jˆ
(r+s)
cj (w)
(z − w) ] +O((z − w)
0) (3.33a)
Jˆ
(r)
aj (ze
2πi) = e−
2piir
ρ(σ) Jˆ
(r)
aj (z) (3.33b)
Jˆ
(r)
aj (z) =
∑
m∈Z
Jˆ
(r)
aj (m+
r
ρ(σ)
)z−1−m−
r
ρ(σ) (3.33c)
a, b = 1, ..., dimg, r, s = 0, ..., ρ(σ)− 1, j, l = 0, ..., λ
ρ(σ)
− 1. (3.33d)
The twisted current algebra (3.33a) is recognizedd as the orbifold affine algebra
gρ(σ) ≡ ⊕
λ
ρ(σ)
−1
j=0 g
j
ρ(σ) (3.34)
on the semisimple Lie algebra ⊕
λ
ρ(σ)
−1
j=0 g
j , where each of the λ
ρ(σ)
simple copies gj is taken at
orbifold affine order ρ(σ). We emphasize that the order ρ(σ) of the orbifold affine algebra
gρ(σ) is also the order of the automorphism hσ.
The untwisted sector has ρ(0) = 1 and hence r, s = 0, so the orbifold algebra (3.33)
reduces in this case to the untwisted affine Lie algebra (3.26a) on semisimple g:
g = ⊕λ−1j=0gj = ⊕λ−1J=0gJ , JaJ (z) ≡ Jˆ (0)aJ (z). (3.35)
When an index j has range 0 to λ− 1, it is our convention to replace that index by a capital
letter as a reminder that we have returned to the semisimplicity of the VME in (3.3).
The representation theory of orbifold affine algebra was obtained via the orbifold induc-
tion procedure in Ref. 2. In particular, we know that
Jˆ
(r)
aj (m+
r
ρ(σ)
)|0〉σ = 0 when (m+ r
ρ(σ)
) ≥ 0 (3.36a)
r = 0, ..., ρ(σ)− 1, j = 0, ..., λ
ρ(σ)
− 1 (3.36b)
where |0〉σ is the ground state of sector σ.
We can also construct twisted currents Jˆ with mixed monodromy in each sector
JˆaJ(z) ≡ 1√
ρ(σ)
∑
r,j
U †(σ)J ;rj Jˆ
(r)
aj (z), JˆaJ(ze2πi) = ω(hσ)JL JˆaL(z) (3.37a)
JˆaJ(z)JˆbL(w) = δJL[ kηab
(z − w)2 +
if cab JˆcJ(w)
(z − w) ] +O((z − w)
0) (3.37b)
whose OPE’s in (3.37b) are isomorphic to the original untwisted current algebra in (3.26a).
The inverse of (3.37a),
Jˆ
(r)
aj (z) =
√
ρ(σ)
λ−1∑
J=0
U(σ)rj;J JˆaJ(z) (3.38)
gives the twisted currents Jˆ as the monodromy decomposition of Jˆ .
dThe preceding derivation of orbifold affine algebra was indicated but not completed in Ref. 2.
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3.6 The stress tensor of sector σ
We begin with the stress tensor T of any Zλ(permutation)-invariant CFT (see Subsec. 3.2)
and rewrite it, using (3.28a), in terms of the eigencurrents J of each sector
T (z) =
∑
J,L
LabJ−L : JaJ(z)JbL(z) : =
∑
r,s
∑
j,l
La(j)b(l)r,s (σ) : Ja,rj(z)Jb,sl(z) : (3.39a)
La(j)b(l)r,s (σ) ≡
1
ρ(σ)
∑
J,L
LabJ−LU
†(σ)J ;rjU
†(σ)L;sl . (3.39b)
Then we may use the OPE isomorphism (3.31) to deduce that the stress tensor Tˆσ of sector
σ is
T (z) ←→σ Tˆσ(z) (3.40a)
Tˆσ(z) =
∑
r,s
∑
j,l
La(j)b(l)r,s (σ) : Jˆ (r)aj (z)Jˆ (s)bl (z) : . (3.40b)
The Virasoro property of Tˆσ follows from that of T because the OPE’s of Jˆ and J are
isomorphic.
Using Eq. (A.5a), one finds that the coefficients L have the property
La(j)b(l)r,s (σ) = δr+s,0 mod ρ(σ)La(j)b(l)r (σ) (3.41a)
Tˆσ(ze
2πi) = Tˆσ(z) (3.41b)
which guarantees the trivial monodromy shown for Tˆσ in (3.41b). Furthermore using (A.5b)
we can evaluatee Lr in (3.41a) to obtain the explicit form of the stress tensor of sector σ
Tˆσ(z) =
ρ(σ)−1∑
r=0
λ
ρ(σ)
−1∑
j,l=0
La(j)b(l)r (σ) : Jˆ (r)aj (z)Jˆ (−r)bl (z) :, σ = 0, ..., λ− 1 (3.42a)
La(j)b(l)r (σ) =
1
ρ(σ)
ρ(σ)−1∑
s=0
e−
2piiN(σ)rs
ρ(σ) Labλ
ρ(σ)
s+j−l
(3.42b)
Labλ
ρ(σ)
s+j−l
=
ρ(σ)−1∑
r=0
e
2piiN(σ)rs
ρ(σ) La(j)b(l)r (σ) (3.42c)
LabK = L
ba
−K = L
ab
K±λ, K = 0, ..., λ− 1 (3.42d)
eAn alternate form of Lr is given in (A.7).
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a, b = 1, ..., dimg, r, s = 0, ..., ρ(σ)− 1, j, l = 0, ..., λ
ρ(σ)
− 1. (3.42e)
The explicit form of this set of duality transformations is one of the central results of the
paper.
In particular, the duality transformations (3.42b) give the inverse inertia tensors
L of all the twisted sectors of each orbifold
A(Zλ)
Zλ
, Zλ ⊂ Aut(g), g = ⊕λ−1I=0gI , gI ∼= g (3.43)
where A(Zλ) is the Zλ(permutation)-invariant CFT on g whose inverse inertia
tensor is L.
In fact, the stress tensor T in (3.39a) of the untwisted sector can also be obtained from
Tˆσ in (3.42) by choosing σ = 0. This gives the connection
LabJ−L ≡ La(J)b(L)0 (σ = 0), T (z) ≡ Tˆσ=0(z) (3.44a)
r = s = 0, J, L = 0, ..., λ− 1 (3.44b)
because ρ(0) = 1.
The inverse inertia tensors L of the twisted sectors inherit the symmetries
La(j)b(l)r (σ) = Lb(l)a(j)−r (σ) (a(·), r ↔ b(·),−r) (3.45a)
= La(j)b(l)r±ρ(σ) (σ) (periodicity) (3.45b)
La(j+
λ
ρ(σ)
)b(l)
r (σ) = e
2piiNr
ρ(σ) La(j)b(l)r (σ)
La(j)b(l+
λ
ρ(σ)
)
r (σ) = e
− 2piiNr
ρ(σ) La(j)b(l)r (σ)

 (quasiperiodicity) (3.45c)
from (3.42b) and the (a(·)↔ b(·)) symmetry of the untwisted sector L in (3.10b).
The twisted sectors also inherit a residual Zλ/ρ ⊂ Zλ symmetry
La(j+1)b(l+1)r (σ) = La(j)b(l)r (σ) (residual Z λ
ρ(σ)
invariance) (3.46a)
j, l = 0, ...,
λ
ρ(σ)
− 1 (3.46b)
from the Zλ symmetry of the untwisted sector with ρ(0) = 1. In orbifold theory, one must
further mod out by this residual symmetry in each sector σ.
In App. D, we note that unitarity of the untwisted sector of any orbifold A(Zλ)/Zλ implies
unitarity of all the twisted sectors. Moreover, App. E collects some simple examples of the
duality transformations in (3.42).
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3.7 Central charge and conformal weights
Because of the correspondences in (3.31) and (3.40a)
J (z)←→σ Jˆ(z), T (z)←→σ Tˆσ(z)
we also know that the central charge cˆ(σ) of Tˆσ is the same in all sectors
cˆ(σ) = c = 2λkηabL
ab
0 = 2
λ
ρ(σ)
−1∑
j,l=0
Gˆa(j)b(l)(σ)
ρ−1∑
r=0
La(j)b(l)r (σ) (3.47a)
Gˆa(j)b(l)(σ) ≡ ρ(σ)kηabδjl, σ = 0, ..., λ− 1 (3.47b)
where we have used (3.13d), and (A.6). The last form agrees with the central charge given
in (2.5g), using gρ(σ) defined in (3.34).
Following Ref. 1, the conformal weight of the ground state |0〉σ of each sector is easily
computible from each Tˆσ. One uses the identities
Tˆσ(z) =
∑
m∈Z
Lσ(m)z
−m−2, Lσ(m ≥ 0)|0〉σ = δm,0∆ˆ0(σ)|0〉σ (3.48a)
Jˆ
(r)
aj (m+
r
ρ(σ)
)|0〉σ = 0 when (m+ r
ρ(σ)
) ≥ 0 (3.48b)
: Jˆ
(r)
aj Jˆ
(−r)
bl : (m = 0)|0〉σ = Gˆa(j)b(l)(σ)
r(ρ(σ)− r)
2ρ2(σ)
|0〉σ, r = 0, ..., ρ(σ)− 1 (3.48c)
along with the form of Tˆσ in (3.42a). The result is
∆ˆ0(σ) =
λ
ρ(σ)
−1∑
j=0
ρ(σ)kηab
ρ(σ)−1∑
r=0
La(j)b(j)r (σ)
r(ρ(σ)− r)
2ρ2(σ)
(3.49a)
=


0 , σ = 0
λkηab
4ρ2(σ)
(ρ
2(σ)−1
3
Lab0 −
ρ(σ)−1∑
s=1
csc2(πN(σ)s
ρ(σ)
)Labλ
ρ(σ)
s
) , σ = 1, ..., λ− 1 (3.49b)
where we have used the duality transformations (3.42b) to express the conformal weights in
terms of the inverse inertia tensor L of the untwisted sector of each orbifold.
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3.8 The OVME and A(D λ)/Zλ
In Sec. 2, we showed that the OVME in (2.5) is a collection of twisted sectors of the permu-
tation orbifolds
A(Dλ)
Zλ
(3.50)
but we obtained there only one twisted sector of each A(Dλ)/Zλ.
On the other hand, we have now constructed all the twisted sectors of all the permutation
orbifolds
A(Zλ)
Zλ
⊃ A(Dλ)
Zλ
(3.51)
and, correspondingly, the set of duality transformations (3.42) is easily specialized to the
higher symmetry of A(Dλ) in (2.30). This gives the duality transformations for all the
sectors of all the orbifolds A(Dλ)/Zλ
Tˆσ(z) =
ρ(σ)−1∑
r=0
λ
ρ(σ)
−1∑
j,l=0
La(j)b(l)r (σ) : Jˆ (r)aj (z)Jˆ (−r)bl (z) :, σ = 0, ..., λ− 1 (3.52a)
La(j)b(l)r (σ) =
1
ρ(σ)
ρ(σ)−1∑
s=0
e−
2piiN(σ)rs
ρ(σ) Labλ
ρ(σ)
s+j−l
(3.52b)
LabJ−L = L
ba
J−L = L
ab
L−J = L
ab
J−L±λ (3.52c)
where L is the inverse inertia tensor of each Dλ-invariant CFT. The formulae for cˆ and ∆ˆ0
in Subsec. 3.7 hold for these orbifolds as well.
The special case σ = 1 of the result (3.52) is the first duality transformation of Subsec. 2.3.
To see this, note that ρ(1) = λ, M(1) = N(1) = 1 and j = l = 0, so that
Labr ≡ La(0)b(0)r (σ = 1) =
1
λ
λ−1∑
K=0
e−
2piiKr
λ LabK = Lab−r (3.53)
is obtained for σ = 1. This is just the S = 1 case of our first duality transformation (2.16)
given explicitly in (2.31).
The symmetry Labr = Lab−r in (3.53) confirms that the sector σ = 1 with ρ(1) = λ is in
the OVME (see Eq. (2.8)). Similarly all sectors with ρ(σ) = λ
La(0)b(0)r (ρ(σ) = λ) =
1
λ
λ−1∑
K=0
e−
2piiN(σ)Kr
λ LabK = La(0)b(0)−r (ρ(σ) = λ) (3.54)
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are in the OVME, and one may ask whether the sectors with ρ(σ) 6= λ are solutions of
the OVME. Unfortunately the answer is in general no because the generic sector (3.52) of
A(Dλ)/Zλ does not satisfy the symmetry (2.8),
La(j)b(l)r (σ) 6= La(j)b(l)−r (σ) (3.55)
which is required for the sector to be in the OVME.
On the other hand, the OVME contains all the sectors of many simple but important
examples of A(Dλ)/Zλ orbifolds, including:
• the cyclic copy orbifolds (×λ−1I=0AI)/Zλ
• the cyclic orbifolds on Jdiag(σ)
• interacting coset orbifolds
• A(Dλ)/Zλ with prime λ
• A(Dλ)/Zλ for λ ≤ 7
These and related examples are discussed explicitly in App. E.
4 The Cyclic OVME
In this section, we use the duality transformations to construct an extended or cyclic OVME
which contains the stress tensors of all the sectors of all the permutation orbifolds
A(Zλ)
Zλ
⊃ A(Dλ)
Zλ
(4.1)
and which contains the OVME as a consistent subansatz
Cyclic OVME ⊃ OVME. (4.2)
We note in particular that the duality transformations are sufficient to derive the cyclic
OVME from the VME without having to do any additional OPE’s explicitly.
4.1 Return to general semisimplicity
Our starting point in this derivation is a return to the general semisimplicity
g = ⊕λ−1I=0gI , gI = ⊕S−1α=0gαI , gI ∼= g (4.3)
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studied for the VME in Sec. 2. Here α runs over generically distinct simple algebras and I
runs over copies of the algebra g. (Recall that we chose the case S = 1 and hence α, β = 0
for simplicity in Sec. 3.)
On this semisimplicity, the general affine-Virasoro construction takes the form
T (z) = La(αJ)b(βL) : Ja(αJ)(z)Jb(βL)(z) : (4.4a)
La(αJ)b(βL) = Lb(βL)a(αJ) (a(·)↔ b(·) symmetry) (4.4b)
J, L = 0, ..., λ− 1, α, β = 0, ..., S − 1 (4.4c)
and we define the Zλ(permutation)-invariant CFT’s by the relations
Ja(αJ)(z)
′ = ω(hσ)JL Ja(αL)(z) (4.5a)
La(αJ
′)b(βL′)ω(hσ)J ′J ω(hσ)L′L = L
a(αJ)b(βL), ∀ hσ ∈ Zλ ⊂ Aut(g). (4.5b)
The Zλ automorphisms ω are the same as in (3.5b) and so the eigenvalue problem (3.19a)
and its solution are unchanged.
The solutions to (4.5b) are
La(α,J+1)b(β,L+1) = La(α,J)b(β,L) = L
a(α)b(β)
J−L (Zλ invariance) (4.6a)
= L
b(β)a(α)
L−J (a(·)↔ b(·) symmetry) (4.6b)
and the reduced VME of the Zλ(permutation)-invariant CFT’s is
L
a(α)b(β)
J−L = 2
λ−1∑
M=0
L
a(α)c(γ)
J−L−MGc(γ)d(δ)L
d(δ)β(β)
M + L
c(γ)d(δ)
J−L L
e(ǫ)f(φ)
J−L f
a(α)
c(γ)e(ǫ) f
b(β)
d(δ)f(φ)
+L
c(γ)d(δ)
0 f
f(φ)
c(γ)e(ǫ) [f
a(α)
d(δ)f(φ) L
b(β)e(ǫ)
L−J + f
b(β)
d(δ)f(φ) L
a(α)e(ǫ)
J−L ] (4.7)
where summation over pairs of repeated Greek indices is implicit. The metric and structure
constants here are defined in (2.13).
This leads us to the eigencurrents J of each sector
Jaα,rj(z) ≡ √ρ
λ−1∑
J=0
Urj;JJa(αJ)(z), Ja(αJ)(z) =
1√
ρ
∑
r,j
(U †)J ;rjJaα,rj(z) (4.8a)
Jaα,rj(z)′ = Er Jaα,rj(z), j, l = 0, ..., λ
ρ
− 1 (4.8b)
and then to the duality transformations
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Tˆσ(z) =
∑
r,j,l
La(αj)b(βl)r (σ) : Jˆ (r)a(αj)(z)Jˆ (−r)b(βl)(z) : (4.9a)
La(αj)b(βl)r (σ) =
1
ρ(σ)
ρ−1∑
s=0
e−
2piiNrs
ρ(σ) L
a(α)b(β)
λ
ρ(σ)
s+j−l
, L
a(α)b(β)
λ
ρ(σ)
s+j−l
=
ρ−1∑
r=0
e
2piiNrs
ρ(σ) La(αj)b(βl)r (σ) (4.9b)
L
a(α)b(β)
λ
ρ
s+j−l
= L
b(β)a(α)
−λ
ρ
s+l−j
= L
a(α)b(β)
λ
ρ
s+j−l±λ
(4.9c)
La(αj)b(βl)r (σ) = Lb(βl)a(αj)−r (σ) (a(·), r ↔ b(·),−r symmetry) (4.9d)
= La(αj)b(βl)r±ρ(σ) (σ) (periodicity) (4.9e)
La(α,j+1)b(β,l+1)r (σ) = La(αj)b(βl)r (σ) (residual Z λ
ρ(σ)
invariance) (4.9f)
which generalize the duality transformations of Sec. 3. As a check on these results, we may
reconsider the less general semisimplicity S = 1 of Sec. 3: With the definition
a(0j) ≡ a(j), b(0j) ≡ b(j) (4.10)
one sees that the results (4.9) reduce to Eqs. (3.42), (3.45) and (3.46).
4.2 From the Zλ-invariant CFT’s to the cyclic OVME
For this derivation, we first consider any sector σ for which ρ(σ) = λ. In any such case we
have j = l = 0, and the duality transformations (4.9 b,c) become
La(α)b(β)r ≡ La(α0)b(β0)r (4.11a)
La(α)b(β)r =
1
λ
λ−1∑
K=0
e−
2piiNrK
λ L
a(α)b(β)
K , L
a(α)b(β)
K =
λ−1∑
r=0
e
2piiNrK
λ La(α)b(β)r . (4.11b)
Next, for each Zλ(permutation)-invariant CFT (i.e. L satisfies (4.7)) we may reverse the
logic of Sec. 2 to find the equation satisfied by L. The result is
La(α)b(β)r = 2La(α)c(γ)r Gˆc(γ)d(δ)Ld(δ)b(β)r
−
λ−1∑
s=0
Lc(γ)d(δ)s [Le(ǫ)f(φ)r−s f a(α)c(γ)e(ǫ) f b(β)d(δ)f(φ) + f f(φ)c(γ)e(ǫ) f a(α)d(δ)f(φ) Lb(β)e(ǫ)−r
+f
f(φ)
c(γ)e(ǫ) f
b(β)
d(δ)f(φ) La(α)e(ǫ)r ] (4.12)
where the metric and structure constants are those defined in (2.13).
To simplify the form of this equation, we introduce the composite notation
a(α)→ a, b(β)→ b (4.13)
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and summarize the new system as followsf
Tˆ (z) =
λ−1∑
r=0
Labr : Jˆ (r)a (z)Jˆ (−r)b (z) : (4.14a)
Labr = 2Lacr GˆcdLdbr −
λ−1∑
s=0
Lcds [Lefr−sf ace f bdf + f fce f adf Lbe−r + f fce f bdf Laer ] (4.14b)
Labr±λ = Labr (periodicity) (4.14c)
Labr = Lba−r (a(·), r ↔ b(·),−r) (4.14d)
cˆ = 2Gˆab
λ−1∑
r=0
Labr , ∆ˆ0 = Gˆab
λ−1∑
r=0
Labr
r(λ− r)
2λ2
(4.14e)
g = ⊕S−1α=0gα, Gˆab =
S−1⊕
α=0
kˆαη
α
ab, kˆα = λkα (4.14f)
a, b = 1, ..., dimg, r, s = 0, ..., λ− 1 (4.14g)
where (4.14 b-d) is the cyclic orbifold Virasoro master equation (cyclic OVME) at integer
order λ. The cyclic OVME, which also reduces to the VME at λ = 1, is another central
result of this paperg.
We have checked that the cyclic OVME in the form (4.14) also contains the other sectors
with ρ 6= λ in the duality transformations (4.9b). To see this explicitly, one needs to consider
the cyclic OVME with the explicit semisimplicity
a→ a(αj), b→ b(βl) (4.15a)
gρ(σ) = ⊕
λ
ρ(σ)
−1
j=0 g
j
ρ(σ), g
j ∼= g, g = ⊕S−1α=0gα (4.15b)
discussed above and for the VME in Sec. 2. In particular, the other sectors with ρ 6= λ are
found at order ρ of the cyclic OVME with the residual Zλ/ρ symmetry (4.9f). Solutions at
order ρ with no residual Zλ/ρ symmetry are sectors of A(Zρ)/Zρ orbifolds.
One concludes that the cyclic OVME contains all the sectors of all the orbifolds
A(Zλ)/Zλ, where A(Zλ) is any Zλ(permutation)-invariant CFT.
It is instructive to compare the cyclic OVME in (4.14) to the OVME in (2.5), noting
the small but important differences in their form and the symmetries required for each.
fThe form of cˆ and ∆ˆ0 follow from (3.47) and (3.49a).
gAlthough the system (4.14) was derived here by duality from the VME, we have also checked these
results by direct OPE computation as in Ref. 1.
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In particular, the symmetries of the solutions of the OVME imply the symmetries of the
solutions of the cyclic OVME
Labr = Labr±λ = Labλ±r = Lbar → Labr = Labr±λ = Lba−r (4.16)
but not necessarily vice versa. For this reason, the cyclic OVME (4.14) reduces to the
OVME (2.5) when the “gauge condition” (2.5f) of the OVME is used in the cyclic OVME
(and s→ λ− s in the sums).
It follows that the OVME is included as a consistent subansatz of the cyclic OVME,
which is consistent with the fact that
A(Dλ)
Zλ
⊂ A(Zλ)
Zλ
. (4.17)
For the special case of λ = 2, the arrow of (4.16) is reversible because r = −r mod 2. This
tells us that the OVME and the cyclic OVME are identical at λ = 2, which reflects the fact
that D2 ∼= Z2.
4.3 Technology of the cyclic OVME
We have provided two computational approaches to the orbifolds A(Zλ)/Zλ. In the more
conventional approach shown in Fig. 1,
λ
ρ
1
✻
 
 
  ✒
Fig. 1 Starting from the VME
one starts in the untwisted sector L of any Zλ(permutation)-invariant CFT and constructs all
the twisted sectors L via the duality transformations (3.42b). This is the approach followed
for simple examples in App. E. Alternately, one may start by finding the twisted sectors L
directly by solving the cyclic OVME. Both approaches have their own merits and, indeed,
“new” solutions have been found at both ends of the problemh. Consequently, we give here
hThe VME solutions33 known as (simply-laced g)q have an Sq(permutation)-invariance (when θ(J) = 0),
and so these constructions are solutions of the reduced VME’s in (2.30) and (3.13) when q = λ. Used
in (3.42b), the solutions (simply-laced g)q give many examples of new A(Sq)/Zq ⊂ A(Zq)/Zq orbifolds.
Moreover, many new solutions of the OVME were found in Ref. 1, including the Lie g-invariant constructions
discussed below.
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a brief discussion of the cyclic OVME in its own right.
The cyclic OVME (4.14b) is a set of
nC(g, λ) = dimg{λ(dimg− 1)
2
+ ⌊λ
2
⌋+ 1} (4.18)
coupled quadratic equations and unknowns, so the number of physically inequivalent solu-
tions to the cyclic OVME expected at each level kˆ is
NC(g, λ) = 2
nC(g,λ)−dimg. (4.19)
These numbers nC and NC are the same numbers (3.15) and (3.16) found for the reduced
VME of the Zλ(permutation)-invariant CFT’s.
Many properties of the OVME persist in the cyclic OVME. In particular K-conjugation
˜ˆ
Tσ(z) = Tˆgρ(σ)(z)− Tˆσ(z), ˜ˆTσ(z)Tˆσ(w) = O((z − w)0), ˜ˆc = cˆgρ(σ) − cˆ (4.20a)
gρ(σ) = ⊕
λ
ρ(σ)
−1
j=0 g
j
ρ(σ) (4.20b)
persists in every sector σ, with order ρ(σ). Here gρ(σ) is the orbifold affine algebra (3.33)
and Tˆgρ(σ) is the orbifold affine-Sugawara construction in sector σ (see Ref. 1 and Eq. (E.8)).
Moreover, the duality transformations in (4.9b) are invertible, so they can be used to
construct all the sectors of any A(Zλ)/Zλ orbifold from any particular solution of the cyclic
OVME. As a simple case, we consider the formula for the sectors L(σ) at order ρ(σ) which
are generated by a given solution Labr of the cyclic OVME on simple g at order λ ≥ 2, as
shown in Fig. 2.
λ
ρ
1❄
❅
❅
❅❅❘
Fig. 2 Starting from the cyclic OVME
To proceed, we assign sector σ0, with ρ(σ0) = λ, to the solution Labr where σ0 can be chosen
to be any integer from 1 through λ − 1, so long as σ0 and λ are relatively prime. We also
need the integers N(σ0), N(σ) and P (σ, σ0):
N(σ0) σ0 = 1 mod λ,
N(σ) σ ρ(σ)
λ
= 1 mod ρ(σ), P (σ, σ0)N(σ0) = 1 mod ρ(σ)
(4.21a)
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1 ≤ N(σ0) ≤ λ− 1 (4.21b)
N(0) = P (0, σ0) = 0; 1 ≤ N(σ), P (σ, σ0) ≤ ρ(σ)− 1, σ = 1, ..., λ− 1 (4.21c)
where P (σ, σ0) is a new integer which characterizes the transition from σ0 to σ. The result
for L(σ) is
La(j)b(l)r (σ; σ0) = e
2piiN(σ0)N(σ)P (σ,σ0)(j−l)r
λ
λ
ρ(σ)
−1∑
m=0
e
2piiN(σ0)(j−l)ρ(σ)m
λ Labρ(σ)m+N(σ)P (σ,σ0 )r (4.22a)
r = 0, ..., ρ(σ)− 1, j, l = 0, ..., λ
ρ(σ)
− 1, σ = 0, ..., λ− 1 (4.22b)
where we have explicitly indicated the σ0 dependence of L(σ) inherent in this procedurei.
When ρ(σ) = λ (so that j = l = 0 and P (σ, σ0) = σ0), Eq. (4.22) relates any other
solutions at order λ of the cyclic OVME to the given solution at order λ
Labr (σ; σ0) = LabN(σ)σ0r . (4.23)
These relations show that all solutions of the cyclic OVME at order λ are related by transfor-
mations in Aut(Zλ) ⊂ Aut(g). This is the Aut(Zλ) covariance discussed in Ref. 1. Similarly,
all sectors with common order ρ(σ) are related by transformations in Aut(Zρ(σ)).
4.4 Example: The Gdiag(σ)-invariant cyclic orbifolds
As an example of the technology above, consider the Lie g-invariant constructions1 at order
λ of the cyclic OVME (4.14) on simple g
Tˆσ0(z) =
λ−1∑
r=0
Labr (σ0) : Jˆ (r)a (z)Jˆ (−r)b (z) : (4.24a)
ψ2Labr (σ0) = ηablr, lr = l−r, a, b = 1, ..., dimg (4.24b)
cˆ = λxdimg
λ−1∑
r=0
lr, ∆ˆ0 =
x
4λ
dimg
λ−1∑
r=0
lrr(λ− r) (4.24c)
iIt can be seen from (4.22) that different choices of σ0 produce a reordering of the twisted sectors
and different forms for L in the untwisted sector. These L’s differ however only by transformations in
Sλ ⊂ Aut(g), and so are physically equivalent. This phenomenon underlies the otherwise mysterious fact
that the number nC in (4.18) is the same for the cyclic OVME (4.14) and the reduced VME (3.13) of the
Zλ(permutation)-invariant CFT’s.
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(that is, S = 1) where ηab is the inverse Killing metric of g. All such constructions are also
in the OVME. The explicit form of the Lie g-invariant constructions is given through λ = 6
in Ref. 1. Using (4.22a) we find the other sectors of these orbifolds
Tˆσ(z) =
∑
r,j,l
La(j)b(l)r (σ) : Jˆ (r)aj (z)Jˆ (−r)bl (z) : (4.25a)
ψ2La(j)b(l)r (σ) ≡ ηabljlr (σ) (4.25b)
ljlr (σ) = e
2piiN0NPr(j−l)r
λ
λ
ρ(σ)
−1∑
m=0
e
2piiN0(j−l)ρ(σ)m
λ lρ(σ)m+NPr (4.25c)
La(j)b(l)r (σ) = Lb(l)a(j)−r (σ) (4.25d)
N0 ≡ N(σ0), N ≡ N(σ), P ≡ P (σ, σ0) (4.25e)
r = 0, ..., ρ(σ)− 1, j, l = 0, ..., λ
ρ(σ)
− 1, gρ(σ) = ⊕
λ
ρ(σ)
−1
j=0 g
j
ρ(σ) (4.25f)
where we have suppressed the explicit σ0 dependence of L(σ) for simplicity. These solutions
do not generically have the a(·)↔ b(·) symmetry in (2.5d):
La(j)b(l)r 6= Lb(l)a(j)r (4.26)
so these sectors are not generically in the OVME.
The sectors of these orbifolds have a residual Lie symmetry group Gdiag(σ)
Lc(j)d(l)r (σ)ω ac ω bd = La(j)b(l)r (σ), ∀ ω ba ∈ Gdiag(σ) (4.27a)
Qdiag(σ)a ≡
λ
ρ(σ)
−1∑
j=0
Jˆ
(0)
aj (m = 0) (4.27b)
with Lie algebra gdiag(σ), generated by Q
diag(σ)
a in (4.27b).
For these orbifolds we have c = cˆ(σ) = cˆ in (4.24c) and one finds
∆ˆ0(σ) = λxdimg
∑
r
∑
j
ljjr
r(ρ(σ)− r)
4ρ2(σ)
(4.28a)
=


0 , σ = 0
λ2
4ρ3(σ)
xdimg
ρ(σ)−1∑
r=0
λ
ρ(σ)
−1∑
j=0
lρ(σ)j+N(σ)P (σ)r r(ρ(σ)− r) , σ = 1, ..., λ− 1
(4.28b)
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for the conformal weights of the ground states |0〉σ.
To identify these orbifolds, consider the untwisted sectors (with ρ(0) = 1 and N =
N(0) = 0) for which Eq. (4.25) gives
T (z) ≡ Tˆσ=0(z) =
∑
J,L
LabJ−L : JaJ (z)JbL(z) : (4.29a)
LabJ−L ≡ La(J)b(L)0 (σ = 0) = ηab
λ−1∑
r=0
e
2piiN0(J−L)r
λ lr (4.29b)
LabJ−L = L
ba
J−L = L
ab
L−J = L
ab
J−L±λ (4.29c)
J, L = 0, ..., λ− 1, g = ⊕λ−1I=0gI . (4.29d)
It follows from the symmetries in (4.29c) that L solves the reduced VME (2.30 b,c) of the
Dλ(permutation)-invariant CFT’s. This fact and the symmetry Gdiag(σ) in (4.27) suggest the
name Gdiag(σ)-invariant cyclic orbifolds for this class of CFT’s: These are the orbifolds in
A(Dλ)/Zλ whose untwisted sectors L are also invariant under the symmetry Gdiag generated
by
Qdiaga ≡ Qdiag(0)a =
λ−1∑
J=0
JaJ(m = 0). (4.30)
We emphasize however that the Gdiag(σ)-invariant cyclic orbifolds have the Gdiag(σ)-invariance
(4.27) in every sector.
These examples also illustrate an important aspect of our new duality transformations:
Solutions such as (4.24) whose form1 is relatively simplej at the OVME level can result in
intricate solutions such as (4.29b) at the VME level and vice versa. (E.g. the case33 of
(simply-laced g)q, which is relatively simple at the VME level, will give Fourier series in the
twisted sectors.)
5 General Orbifolds
5.1 Discussion
In Section 3, we generally followed the dotted line in the commuting diagram shown in Fig. 3,
jWith (4.29) one may construct the untwisted sectors of the orbifolds corresponding to the Lie g-invariant
constructions at λ = 5 and 6 in Ref. 1. At λ = 5, these are quasi-rational orbifolds with irrational conformal
weights and rational central charge. Other quasi-rational CFT’s are discussed in Ref. 5.
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J
✏
❄
√
ρ UJ = J
❄
✻
Jˆ
J
√
ρ UJˆ = Jˆ
❄
✻
Jˆ
J = affine Lie algebra: trivial monodromy, mixed under automorphisms
J = eigencurrents: trivial monodromy, diagonal under automorphisms
Jˆ = twisted currents with diagonal monodromy
Jˆ = twisted currents with mixed monodromy
Fig. 3: The currents of a general orbifold
where double arrows (↔) indicate OPE isomorphisms. In this section we follow the same
path (up to normalization) for each twisted sector of the general orbifold
A(H)
H
, H ⊂ Aut(g) (5.1)
where A(H) is any H-invariant CFT on g (see Ref. 25). Here, H can be any particular finite
subgroup of inner or outer automorphisms of the ambient Lie algebra g, which itself may be
simple or semisimple. Formally, H can be extended to Lie groups.
5.2 General twisted current algebra and A(H)/H
The automorphisms H of the untwisted affine algebra on g are defined as
Ja(z)Jb(w) =
Gab
(z − w)2 +
if cab Jc(w)
z − w +O((z − w)
0) (5.2a)
Ja(z)
′ = ω(hσ)
b
a Jb(z), hσ ∈ H ⊂ Aut(g) (5.2b)
a, b = 1, ..., dimg (5.2c)
where {ω(hσ)} is a representation of H and J ′ satisfies the same algebra as J . Then the
H-invariant CFT’s A(H) on g are described by
T (z) = Lab : Ja(z)Jb(z) :, L
ab = Lba (5.3a)
Lcdω(hσ)
a
c ω(hσ)
b
d = L
ab, ∀ hσ ∈ H (5.3b)
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and this set of inverse inertia tensors L is guaranteed25 to satisfy a consistent reduced VME
(such as those in Eqs. (2.30) or (3.13)).
In general orbifold theory21,18,23, the sectors of the orbifolds A(H)/H correspond to the
conjugacy classes of H . Picking one element hσ ∈ H from each class, we need the solutions
to the H-eigenvalue problem
ω(hσ)
b
a U
†(σ) rµb = Er(σ)U
†(σ) rµa , Er(σ) = e
−
2piin(r)
ρ(σ) (5.4a)
U †(σ) rνa U(σ)
b
rν = δ
b
a , U(σ)
a
rµ U
†(σ) sνa = δ
s
r δ
ν
µ (5.4b)
for each sector σ, where ω and U are unitary, {n(r)} is a set of H-dependent integers and
ρ(σ) is the order of hσ. The case H = Zλ(permutation) was solved in Subsec. 3.3. Following
the conventions above, r is the spectral index and µ (which in general depends on r) replaces
(a, j) as the degeneracy index of the eigenvalue problem.
The eigencurrents J of sector σ are then defined as
Jrµ(z) ≡ χ(σ)rµU(σ) arµ Ja(z), Ja(z) = U †(σ) rµa (χ(σ)rµ)−1Jrµ(z) (5.5a)
Jrµ(z)′ = Er(σ)Jrµ(z), Jrµ(ze2πi) = Jrµ(z) (5.5b)
where χ(σ)rµ is an arbitrary normalization
k.
The OPE’s of the eigencurrents J are easily computed and then one uses the OPE
isomorphism
Jrµ(z)←→σ Jˆrµ(z) (5.6)
to find the algebra g ≡ g(H ⊂ Aut(g); σ) of the twisted currents Jˆ with diagonal monodromy
for each sector σ:
Jˆrµ(z)Jˆsν(w) =
Grµ,sν(σ)
(z − w)2 +
iF tδrµ,sν (σ)Jˆtδ(w)
z − w +O((z − w)
0) (5.7a)
Jˆrµ(ze
2πi) = Er(σ)Jˆrµ(z), Er(σ) = e
−
2piin(r)
ρ(σ) (5.7b)
Grµ,sν(σ) ≡ χ(σ)rµχ(σ)sνU(σ) arµ U(σ) bsν Gab (5.7c)
F tδrµ,sν (σ) ≡ χ(σ)rµχ(σ)sνU(σ) arµ U(σ) bsν f cab U †(σ) tδc (χ(σ)tδ)−1. (5.7d)
The result (5.7) is presumably the most general twisted current algebra, since
it collects the twisted current algebras of every sector of every orbifold A(H)/H,
kIn the previous sections (and in Fig. 3) we chose χ(σ)rµ =
√
ρ(σ) to obtain the conventional form (3.33)
of orbifold affine algebra for Jˆ in each sector.
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H ⊂ Aut(g). See Eqs. (3.33) and (3.34) for the special case gρ(σ) ≡ g(Zλ ⊂ Aut(g); σ),
which is the correct set of orbifold affine algebras for A(Zλ)/Zλ.
Note in particular that the OPE form of the general twisted current algebra (5.7) can be
obtained from the untwisted affine algebra (5.2a) by the duality algorithm
a−→σ rµ, G−→σ G, f −→σ F , J −→σ Jˆ . (5.8)
We will return below to the representation theory of the algebras (5.7).
To obtain the stress tensors of the twisted sectors, one uses (5.5a) to eliminate J in favor
of J in the H-invariant stress tensor T given in (5.3b). Then, using the correspondence
T (z) ←→σ Tˆσ(z) (5.9)
one finds the general duality transformations L→ L
Tˆσ(z) = Lrµ,sν(σ) : Jˆrµ(z)Jˆsν(z) : (5.10a)
Lrµ,sν(σ) = LabU †(σ) rµa U †(σ) sνb (χ(σ)rµ)−1(χ(σ)sν)−1 = Lsν,rµ(σ) (5.10b)
cˆ(σ) = c = 2GabL
ab (5.10c)
which give the stress tensors Tˆσ of all the twisted sectors of all the orbifolds
A(H)/H, H ⊂ Aut(g). The general duality transformations include the special case (3.42)
when H = Zλ(permutation). Note also that the general duality transformations in (5.10b)
are always invertible (L ↔ L) so that one may solve for the inverse inertia tensor of all
sectors in terms of the inverse inertia tensor of any given sector (see e.g. Eq. (4.22)).
The twisted sectors (5.10) show K-conjugation covariance8,27−29,3,5 in the form
Tˆσ(z)g = Tˆσ(z) +
˜ˆ
Tσ(z) (5.11a)
˜ˆ
Tσ(z)Tˆσ(w) = O((z − w)0) (5.11b)
Lrµ,sν
g
(σ) = Lrµ,sν(σ) + L˜rµ,sν(σ) (5.11c)
Labg = L
ab + L˜ab (5.11d)
where the orbifold K-conjugation (5.11 a-c) is the map, via the duality transformation
(5.10b), of the ordinary K-conjugation (5.11d) in the untwisted sector. Here Lg is the inverse
inertia tensor of the affine-Sugawara construction8,27,30−32 on g and Tˆσ(z)g with Lg → Lg is
the general orbifold affine-Sugawara construction on the twisted current algebra g = g(H ⊂
Aut(g); σ) in (5.7).
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Note also the identity
0 = Lrµ,sν(σ) (1−Er(σ)Es(σ)) = Lrµ,sν(σ) (1− e−
2pii(n(r)+n(s))
ρ(σ) ) (5.12)
which follows from (5.10b), the H-symmetry of Lab in (5.3b) and the H-eigenvalue problem
(5.4a). This tells us that the stress tensors of the twisted sectors have trivial monodromy
Lrµ,sν(σ) ∝ δn(r)+n(s),0 mod ρ(σ) (5.13a)
Tˆσ(ze
2πi) = Tˆσ(z) (5.13b)
as required. The relation in (5.13a) generalizes the form (3.41a) found above for A(Zλ)/Zλ.
We also give the A(H)/H orbifold Virasoro master equation, which collects the
inverse inertia tensors of A(H)/H, H ⊂ Aut(g) for each H and σ:
Lrµ,sν(σ) = 2Lrµ,r′µ′(σ)Gr′µ′,s′ν′(σ)Ls′ν′,sν(σ)
−Lr′µ′,s′ν′(σ)Ltη,t′η′(σ)F rµr′µ′,tη (σ)F sνs′ν′,t′η′ (σ)
−Lr′µ′,s′ν′(σ)F t′η′r′µ′,tη (σ)F (rµs′ν′,t′η′ (σ)Lsν),tη(σ) (dual to VME) (5.14a)
Lrµ,sν(σ) = Lsν,rµ(σ) (dual to Lab = Lba) (5.14b)
Lrµ,sν(σ) (1− Er(σ)Es(σ)) = 0 (dual to LH ωH ωH = LH) (5.14c)
where G(σ) and F(σ) are the twisted metric and twisted structure constants in (5.7), and
the round brackets mean rµ↔ sν symmetrization as in the VME. For A(Zλ)/Zλ, H = Zλ ⊂
Aut(g), this system reduces to the cyclic OVME on gρ(σ) in (4.15b) and the symmetries of
the cyclic OVME in (4.14).
The general OVME (5.14a) can be derived by the general duality transformations (5.10)
from the VME (2.21c). Alternately, the general OVME can be obtained immediately from
the VME by the duality algorithm
a−→σ rµ, G−→σ G, f −→σ F , L−→σ L. (5.15)
The reason this works is that the OPE form of the general twisted current algebra satisfies
the same duality algorithm (5.8), so that every step of a direct OPE verification of the general
OVME follows immediately from the corresponding steps for the VME. Note in particular
that, under the index map a −→ rµ, the indices in the general OVME are threaded in
exactly the same way as those in the VME.
This completes our general discussion of the new duality transformations in orbifold
theory but there are several remaining loose ends. First, one may use the results above to
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explicitly verify that only one element of each conjugacy class is necessary for non-abelian
orbifolds: When ω and ω′ are in the same conjugacy class of H , follow the steps
ω′ = v†ωv, v†v = 1, v ∈ H ⊂ Aut(g) (5.16a)
v ca v
d
b Gcd = Gab, v
d
a v
e
b (v
†) cg f
g
de = f
c
ab (5.16b)
Lcd(v†) ac (v
†) bd = L
ab, E ′ = E, U ′ = Uv (5.16c)
G(U ′) = G(U), F(U ′) = F(U), L(U ′) = L(U). (5.16d)
It follows that G,F , and L are class functions, so that the general twisted current algebra
(5.7) and the stress tensors (5.10) are invariant across each conjugacy class. As seen in
the example of App. C, we expect that the ambiguities in U at fixed ω correspond to
automorphisms of the general twisted current algebra.
Second, one may easily construct the currents Jˆ with mixed monodromy
Jˆa(z) ≡ U †(σ) rµa (χ(σ)rµ)−1Jˆrµ(z), Jˆa(ze2πi) = ω(hσ) ba Jˆb(z) (5.17a)
Jˆrµ(z) = χ(σ)rµU(σ)
a
rµ Jˆa(z) (5.17b)
whose OPE’s are isomorphic to the original current algebra (5.2a).
Third, we emphasize that our result (5.10) also contains more general orbifolds of the
form
A(H ′)
H
⊂ A(H)
H
, H ⊂ H ′ ⊂ Aut(g) (5.18)
because A(H ′) ⊂ A(H). In such cases, one uses the same duality transformations (5.10) for
H , but now with the inverse inertia tensors LH′
LH′ ωH′ ωH′ = LH′ ⊂ LH (5.19)
of the H ′-invariant CFTs (see Subsec. 3.8). It follows that the number of sectors of each
A(H ′)/H is still the number of conjugacy classes of H .
A more practical matter is the representation theory of the general twisted current al-
gebra g(H ⊂ Aut(g); σ) in (5.7). When g is simple, these algebras are inner- or outer-
automorphically twisted affine Lie algebras, depending on whether H is a group of inner or
outer automorphisms of g. The representation theory of these two types of twisted algebras
is discussed in Refs. 34-36, 22 and Refs. 37, 24 respectively.
When g is semisimple and H ⊂ Sλ acts as (outer-automorphic) permutations among
λ copies, we expect that the twisted current algebras (5.7) are commuting sets of orbifold
affine algebras at various orders ρ, whose representation theory was obtained via the orbifold
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induction procedure in Ref. 2. This is implicit in the work of Ref. 23 and follows because the
elements of all the subgroups of Sλ can be written as products of disjoint cyclic permutations.
As an example, this conclusion is illustrated for the permutation orbifolds A(S3)/S3 in the
following subsection.
When g is semisimple and H is any subgroup of Sλ times an inner automorphism of
g, then one expects that (5.7) gives various versions of the “doubly-twisted” orbifold affine
algebras (which combine inner- and outer- automorphic twists) obtained in Ref. 1. The
representation theory of these algebras should involve a synthesis of the principles already
known for inner automorphisms and for outer automorphisms by permutation.
Finally, we note that when A(H) has a larger chiral algebra, such as a superconformal
algebra or a non-linear chiral algebra, the same techniques can be used to treat the larger
twisted chiral algebras in each sector of A(H)/H .
5.3 Example: the permutation orbifolds A(S3)/S3
As an example of the general development above we consider the permutation orbifolds
A(S3)/S3, starting with the S3(permutation)-invariant CFT’s A(S3) on g⊕ g⊕ g,
T = La(J)b(L) : JaJJbL :, L
a(J)b(L) = δJLλ
ab + lab (5.20a)
a, b = 1, ..., dimg, J, L = 0, 1, 2 (5.20b)
where λab and lab are a↔ b symmetric. The S3(permutation)-invariant CFT’s satisfy a
consistent reduced VME which we omit for brevity.
First, pick one element ω from each conjugacy class of S3,
ω0 =


1 0 0
0 1 0
0 0 1

 ω1 =


0 0 1
1 0 0
0 1 0

 ω2 =


1 0 0
0 0 1
0 1 0

 (5.21)
where ω0 corresponds to the untwisted sector with Tω0 = T in (5.20). The element ω1 is
also an element of Z3, so the sector corresponding to ω1 is included in the discussion of Z3
orbifolds above (but with the S3-invariant form in (5.20b) instead of the Z3-invariant form
(3.10)). The element ω2 is new, but it is a direct sum of an element of Z1 and an element of
Z2.
Using the duality transformation (3.42b) we find the stress tensor Tˆω1 of the twisted
sector corresponding to ω1,
Tˆω1 = (l
ab +
λab
3
) : Jˆ (0)a Jˆ
(0)
b : +
2λab
3
: Jˆ (1)a Jˆ
(−1)
b : (5.22a)
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Jˆ (r)a ((m+
r
3
) ≥ 0)|0〉 = 0 (5.22b)
cˆ(σ) = c = 6kηab(λ+ l)
ab, ∆ˆ0(σ) =
2k
9
ηabλ
ab (5.22c)
where Jˆ
(r)
a , r = 0, 1, 2 is an orbifold affine algebra of order 3 on simple g at level kˆ = 3k.
For the new sector corresponding to ω2, the general discussion of Subsec. 5.2 gives
Tˆω2 = λ
ab : JaJb+
1
2
(Jˆ (0)a Jˆ
(0)
b + Jˆ
(1)
a Jˆ
(−1)
b ) : + l
ab : JaJb+ JaJˆ
(0)
b + Jˆ
(0)
a Jb+ Jˆ
(0)
a Jˆ
(0)
b : (5.23a)
Jˆ (r)a ((m+
r
2
) ≥ 0)|0〉 = Ja(m ≥ 0)|0〉 = 0 (5.23b)
cˆ(σ) = c = 6kηab(λ+ l)
ab, ∆ˆ0(σ) = ∆ˆ0 =
k
8
ηabλ
ab. (5.23c)
Here Ja is an affine algebra (i.e. an orbifold affine algebra at order 1) on simple g at level
k, and Jˆ
(r)
a with r = 0, 1 is an orbifold affine algebra of order 2 on simple g at level kˆ = 2k.
The appearance of orders 1 and 2 in this sector correlates directly with the Z1 and Z2
decomposition of ω2. The eigencurrents of this sector show that the currents Ja and Jˆ
(r)
a
commute, in accord with the general remarks above.
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Appendix A. Useful Identities
ρ−1∑
r=0
e−
2piirs
ρ =
ρ−1∑
r=0
e−
2piiNrs
ρ = ρ δs,0 mod ρ (A.1)
δj,J+σ mod λ
ρ
= δj,J mod λ
ρ
(A.2)
δj,J mod λ
ρ
δl,J mod λ
ρ
= δl,j mod λ
ρ
δl,J mod λ
ρ
(A.3)
ρ−1∑
t=0
δt,m−n mod ρ = 1 (A.4)
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ρ−1∑
r,s=0
λ−1∑
J,L=0
f(J − L) e 2piiNr(j−J)λ e 2piiNs(l−L)λ δj,J mod λ
ρ
δl,L mod λ
ρ
=
ρ−1∑
r,s=0
ρ−1∑
n,m=0
f(j +
λ
ρ
m− l − λ
ρ
n) e−
2piiNrm
ρ e−
2piiNsn
ρ
=
ρ−1∑
r,s=0
ρ−1∑
n,m=0
ρ−1∑
t=0
δt,m−n mod ρ f(j − l + λ
ρ
(m− n)) e− 2piiN(rm+sn)ρ
= ρ
ρ−1∑
r,t
ρ−1∑
s=0
f(j − l + λ
ρ
t)e−
2piiNrt
ρ δr+s,0 mod ρ (A.5a)
= ρ
ρ−1∑
r,t=0
f(j − l + λ
ρ
t) e−
2piiNrt
ρ (A.5b)
Lab0 =
∑
r
La(j)b(j)r (σ) =
ρ(σ)
λ
∑
j,l,r
δjlLa(j)b(l)r (σ) (A.6)
La(j)b(l)r (σ) = La(j)b(l)r,−r (σ) =
1
ρ2(σ)
λ−1∑
J,L=0
LabJ−Le
2piiN(σ)r[(j−l)−(J−L)]
λ δj,J mod λ
ρ(σ)
δl,L mod λ
ρ(σ)
(A.7)
Here, N = N(σ) is relatively prime to ρ = ρ(σ) (see App. B). The identity (A.4) is a
“Faddeev-Popov” insertion used to obtain (A.5a).
Appendix B. The integer N(σ)
As examples of the definitions in Subsec 3.6:
λ = 3:
σ ρ M N
0 1 0 0
1 3 1 1
2 3 2 2
λ = 4:
σ ρ M N
0 1 0 0
1 4 1 1
2 2 1 1
3 4 3 3 .
For prime λ all twisted sectors have ρ(σ) = λ and therefore M(σ) = σ. Also N(0) = 0,
N(1) = 1 and N(λ − σ) = ρ(σ) − N(σ) for σ 6= 0. Among the elements with ρ = λ, only
σ = 1 has N = 1.
From the definition of N(σ) in (3.7) and a well-known theorem by Euler, one finds that
N(σ) = (
σρ(σ)
λ
)φ(ρ(σ))−1 mod ρ(σ), 1 ≤ N(σ) ≤ ρ(σ)− 1 (B.1a)
σ = 1, ..., λ− 1 (B.1b)
where φ(ρ) is the number of elements of order ρ in Zλ (or equivalently in Zρ).
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Appendix C. Automorphisms of the Orbifold Affine Algebra
The general solution U of the eigenvalue problem (3.19a) is easily found,
Urj;J =
λ
ρ
−1∑
l=0
Vrl;J Alj(r) =
1√
ρ
e
2piirβ(j)
ρ
λ
ρ
−1∑
l=0
Plje
−
2piiNr(l−J)
λ δl,J mod λ
ρ
(C.1a)
(U †)J ;rj =
λ
ρ
−1∑
l=0
V−r,l;J Alj(−r) = 1√
ρ
e−
2piirβ(j)
ρ
λ
ρ
−1∑
l=0
Plje
2piiNr(l−J)
λ δl,J mod λ
ρ
(C.1b)
for each sector σ, where Er in (3.22) is unchanged, U is still unitary and
Ajl(r) = Pjle
2piirβ(l)
ρ = A∗jl(−r) = (A−1)lj(−r) (C.2a)
Vrl;J =
1√
ρ
e−
2piiNr(l−J)
λ δl,J mod λ
ρ
(C.2b)
β(j) ∈ [0, ρ− 1]
⋂
Z. (C.2c)
The P ’s are permutation matrices, satisfying
P ∗jl = Pjl, Pjj′Plj′ = δjlPjj′,
∑
j′
Pjj′ =
∑
j
Pjj′ = 1 (C.3a)
∑
j′
Pjj′Plj′ =
∑
j′
Pj′jPj′l = δjl (C.3b)
but otherwise the quantities Pjl, β(j) and hence Ajl(r) can be chosen differently for each
sector σ.
The V ’s here are the U ’s of Sec. 3, and the special case U = V corresponds to Ajl = δjl
(i.e. Pjl = δjl and β(j) = 0). The general U ’s in (C.1) also satisfy (3.23) and (3.25) and so
can be used in all formulae involving U and U † in the text.
Following the steps of the text, we now obtain
Tˆ (z) =
∑
r,j,l
La(j)b(l)r : Jˆ (r)aj (z)Jˆ (−r)bl (z) : (C.4a)
La(j)b(l)r =
1
ρ
∑
s
∑
j′,l′
Labλ
ρ
s+j′−l′
e−
2piiNrs
ρ Aj′j(−r)Al′l(r) (C.4b)
=
1
ρ
e−
2piir(β(j)−β(l))
ρ
∑
s
∑
j′,l′
Labλ
ρ
s+j′−l′
e−
2piiNrs
ρ Pj′jPl′l (C.4c)
for the stress tensors Tˆ of the twisted sectors.
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In fact, A is an automorphism of the orbifold affine algebra (3.33a)
Jˆ
(r)
aj (z)
′ ≡
∑
l
Ajl(−r)Jˆ (r)al (z) (C.5a)
Jˆ
(r)
aj (z)
′Jˆ
(s)
bl (w)
′=δjl[
ρkηabδr+s,0 mod ρ(σ)
(z − w)2 +
if cab Jˆ
(r+s)
cj (w)
′
(z − w) ] +O((z − w)
0) (C.5b)
and its mode form in each sector, so that the physically-equivalent set of stress tensors
Tˆ (z) =
∑
r,j,l
La(j)b(l)′r : Jˆ (r)aj (z)′Jˆ (−r)bl (z)′ : (C.6a)
La(j)b(l)′r =
∑
j′,l′
Ajj′(r)All′(−r)La(j′)b(l′)r =
1
ρ
∑
s
Labλ
ρ
s+j−l
e−
2piiNrs
ρ (C.6b)
is obtained in terms of the automorphically-equivalent currents Jˆ ′.
Appendix D. Unitarity
In this appendix, we use the results of Sec. 3 to show that unitarity of the untwisted sector
of any orbifold A(Zλ)/Zλ implies unitarity of all the twisted sectors.
Unitarity has two components in any sector. The first component is the requirement of
a good Hilbert space: On compact g, the duality transformations of Sec. 3 show that the
invariant levels of the affine algebra (3.26) and the orbifold affine algebra (3.33) are related
as follows
x =
2k
ψ2
∈ Z+ ←→σ xˆ = ρx ∈ ρZ+ (D.1)
so a good Hilbert space in the untwisted sector implies a good Hilbert space in each twisted
sector, as discussed in Ref. 2 and noted in Eq. (2.3).
The second component of unitarity is Lσ(m)
† = Lσ(−m), where Lσ(m) are the Virasoro
generators of sector σ. As usual5, we discuss this part of the problem only in Cartesian bases
of the relevant Lie algebras (equivalent statements in other bases are easily deduced).
In such bases, we recall the current mode relations
JaJ (m)
† = JaJ(−m) (D.2a)
Jˆ
(r)
aj (m+
r
ρ
)† = Jˆ
(ρ−r)
aj (−(m+ 1) +
ρ− r
ρ
) = Jˆ
(−r)
aj (−m−
r
ρ
) (D.2b)
Jˆ
(r±ρ)
aj (m+
r ± ρ
ρ
) = Jˆ
(r)
aj (m± 1 +
r
ρ
) (D.2c)
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given in Ref. 2, where the adjoint operation in (D.2b) was derived from the orbifold induction
procedure. Eq. (D.2c) is the mode form of Eq. (2.1c). It then follows from the mode form
of T and Tˆ in (3.13a) and (3.42a) that (∗ is complex conjugation)
(La(J)b(L))∗ = La(J)b(L) (D.3a)
(La(j)b(l)r )∗ = La(j)b(l)−r (D.3b)
are the extra conditions on the inverse inertia tensors such that L(m)† = L(−m) in all
sectors. The condition (D.3a) in the untwisted sector is only a special case of the known
unitarity condition (Lab)∗ = Lab for any solution of the VME in a Cartesian basis.
It is easily checked from the duality transformations in (3.42 b,d) that (D.3a) in the
untwisted sector guarantees (D.3b) in the twisted sectors.
Moreover, unitarity of any given sector of the orbifold implies the unitarity of every
sector.
Appendix E. Orbifolds entirely in the OVME
In this appendix, we study examples of the permutation orbifolds
A(Dλ)
Zλ
(E.1)
all of whose sectors are in the OVME (2.5). More precisely, this means that we assume the
reflection symmetry in (E.2c) of the Dλ(permutation)-invariant CFT’s
T =
∑
J,L
La(J)b(L) : JaJJbL :=
∑
J,L
LabJ−L : JaJJbL :, L
ab
J−L = L
ab
L−J (E.2a)
g = ⊕λ−1I=0gI , gI ∼= g (E.2b)
a, b = 1, ..., dimg, J, L = 0, ..., λ− 1 (E.2c)
where g is simple, and every current JaI is taken at the same level k. Using the duality
transformations in (3.42b), we will also require the gauge/periodicity condition of the OVME
in (E.3a)
Tˆσ =
∑
r,j,l
La(j)b(l)r (σ) : Jˆ (r)aj Jˆ (−r)bl :, La(j)b(l)r (σ) = La(j)b(l)−r (σ) (E.3a)
σ = 1, ..., λ− 1, r = 0, ..., ρ(σ)− 1, j, l = 0, ..., λ
ρ(σ)
− 1 (E.3b)
for all the twisted sectors L. The orbifold currents Jˆ satisfy the orbifold affine algebra gρ(σ)
in (3.33), and the other symmetries of L and L in (2.30) and (2.5) are also assumed.
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In all these examples, Tˆσ and ∆ˆ0(σ) can be read to include T = Tˆσ=0 and ∆0 = ∆ˆ0(σ =
0) = 0 via the identification
LabJ−L = La(J)b(L)0 (σ = 0) (E.4)
for the untwisted sector.
• Cyclic copy orbifolds
An important class of cyclic orbifolds was identified in Ref. 2, which we call the cyclic copy
orbifolds
×λ−1I=0AI
Zλ
⊂ A(Sλ)
Zλ
, Zλ(permutation) ⊂ Sλ(permutation) ⊂ Aut(g) (E.5)
because the stress tensor of the untwisted sector of each of these orbifolds is a sum of λ
commuting copies:
LabJ−L = L
ab
0 (k)δJL (E.6a)
TI = L
ab
0 (k) : JaIJbI :, cI = 2kηabL
ab
0 (k) (E.6b)
T =
λ−1∑
I=0
TI =
λ−1∑
I=0
Lab0 (k) : JaIJbI :, c =
λ−1∑
I=0
cI = 2λkηabL
ab
0 (k) (E.6c)
TI(z)TJ (w) = O((z − w)0) when I 6= J. (E.6d)
Here, each AI is an equivalent affine-Virasoro construction on JaI , ηab is the Killing metric
of g and Lab0 (k) solves the VME on simple g at level k.
The duality transformation (3.42) gives the twisted sectors of these orbifolds
La(j)b(l)r (σ) =
1
ρ(σ)
δjlL
ab
0 (k) (E.7a)
Tˆσ =
1
ρ(σ)
Lab0 (k)
ρ(σ)−1∑
r=0
λ
ρ(σ)
−1∑
j=0
: Jˆ
(r)
aj Jˆ
(−r)
bj : (E.7b)
cˆ(σ) = c = 2λkηabL
ab
0 (k), ∆ˆ0(σ) =
λ
12
kηabL
ab
0 (k)(1−
1
ρ2(σ)
) (E.7c)
where ρ(σ) is the order of hσ.
Note that the inverse inertia tensor L is maximally localized in K = J − L whereas the
inverse inertia tensors L are maximally spread in r. This is an example of an uncertainty
relation associated to our duality transformations (3.52) and (3.53). The factor δjl in (E.7a)
is a residual localization for 1 < ρ < λ which is induced by the δJL localization of (E.6a).
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Among the cyclic copy orbifolds, we note in particular the WZW cyclic orbifolds whose
sectors are the orbifold affine-Sugawara constructions2,1
(LabJ−L)g =
ηab
2k +Qg
δJL, g = ⊕λ−1I=0gI , gI ∼= g (E.8a)
Tg =
ηab
2k +Qg
∑
J
: JaJJbJ : (E.8b)
(La(j)b(l)r )gρ(σ) =
1
ρ(σ)
δjl
ηab
2k +Qg
, gρ(σ) = ⊕
λ
ρ(σ)
−1
j=0 g
j
ρ(σ) (E.8c)
Tˆgρ(σ) =
1
ρ(σ)
ηab
2k +Qg
ρ(σ)−1∑
r=0
λ
ρ(σ)
−1∑
j=0
: Jˆ
(r)
aj Jˆ
(−r)
bj : (E.8d)
cˆ(σ) = c =
2λk dimg
2k +Qg
, ∆ˆ0(σ) =
λkdimg
12(2k +Qg)
(1− 1
ρ2(σ)
). (E.8e)
The WZW cyclic orbifolds are the only cyclic copy orbifolds which are also Gdiag(σ)-invariant
cyclic orbifolds (see Subsec. 4.4) and, as seen in Eq. (4.20a), all orbifolds in A(Zλ)/Zλ are
paired by K-conjugation through the WZW cyclic orbifolds.
• Cyclic orbifolds on Jdiag(σ)
All other cyclic orbifolds (for which the stress tensor of A(Zλ) is not a sum of λ commuting
copies) are called interacting cyclic orbifolds. We focus here on a simple class of interacting
cyclic orbifolds
Adiag
Zλ
⊂ A(Sλ)
Zλ
(E.9)
which we call the cyclic orbifolds on Jdiag(σ),
Jdiag(σ)a (z) ≡
λ
ρ(σ)
−1∑
j=0
Jˆ
(0)
aj (z) (E.10)
because every sector of these orbifolds is constructed entirely on these currents. The currents
Jdiag(σ) form an integral affine subalgebra2 in each sector σ and the zero modes Qdiag(σ) of
Jdiag(σ) were encountered in Eq. (4.27b).
The untwisted sectors of these orbifolds are given by
LabJ−L = L
ab(λk) (E.11a)
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T = Lab(λk) : Jdiaga J
diag
b : (E.11b)
Jdiaga ≡ Jdiag(0)a =
∑
J
JaJ (E.11c)
where Lab(λk) is any solution of the VME on simple g at level λk.
The duality transformation (3.42) gives the stress tensors of the twisted sectors
La(j)b(l)r (σ) = Lab(λk)δr,0 (E.12a)
Tˆσ = L
ab(λk) : Jdiag(σ)a J
diag(σ)
b : (E.12b)
cˆ(σ) = c = 2λkηabL
ab(λk), ∆ˆ0(σ) = 0. (E.12c)
The cyclic orbifolds on Jdiag(σ) are extraordinary among orbifolds (or they may not be orb-
ifolds at all) because all their sectors have zero ground state conformal weight. These con-
structions also illustrate the uncertainty relations in a different way: L is maximally spread
in K = J − L while L is maximally localized in r.
Among the cyclic orbifolds on Jdiag(σ), one set of orbifolds
Tgdiag ≡ Labg (λk) : Jdiaga J
diag
b :, L
ab
g
(λk) =
ηab
2λk +Qg
(E.13a)
Tˆg1,diag(σ) =
ηab
2λk +Qg
: Jdiag(σ)a J
diag(σ)
b : (E.13b)
cˆ(σ) = c =
2λkdimg
2λk +Qg
, ∆ˆ0(σ) = 0 (E.13c)
is also Gdiag(σ)-invariant (see Subsec. 4.4). The sectors of these orbifolds are described by a
set of affine-Sugawara constructions8,27,30−32 on {Jdiag(σ)}.
• Interacting coset orbifolds
We turn next to a simple example of the interacting coset orbifolds
( g
gdiag
)
Zλ
⊂ A(Sλ)
Zλ
, g = ⊕λ−1I=0gI , gI ∼= g (E.14)
where gdiag is the diagonal subalgebra of g. Orbifolds of this type are distinct from the coset
copy orbifolds
⊕λ−1I=0(g/h)I
Zλ
(E.15)
which are special cases of the cyclic copy orbifolds in (E.5).
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The stress tensors of the interacting coset orbifolds (E.14) are K-conjugate partners to
the affine-Sugawara constructions on Jdiag(σ):
Tg/gdiag = Tg − Tgdiag (E.16a)
Tˆgρ(σ)/g1,diag(σ) = Tˆgρ(σ) − Tˆg1,diag(σ) (E.16b)
cˆ(σ) = c = 2λkdimg(
1
2k +Qg
− 1
2λk +Qg
), ∆ˆ0(σ) =
λkdimg
12ρ(σ)(2k +Qg)
(1− 1
ρ2(σ)
)
(E.16c)
(see (E.8) and (E.13)). The stress tensors T of the untwisted sectors are the (ordinary) coset
constructions8,27,28 (g/gdiag). When ρ = λ, the stress tensors Tˆσ are Kac-Wakimoto
38,39,2
coset constructions, and when ρ 6= λ these stress tensors generalize the Kac-Wakimoto coset
constructions to the case of semisimple g. This confirms the conjecture of Ref. 2 that the
Kac-Wakimoto coset constructions occur in the orbifolds (E.14).
Using the duality transformations (3.42b), many other interacting coset orbifolds, for
example,
( g
h(Zλ)
)
Zλ
, h(Zλ) ⊂ g (E.17)
can be constructed from the coset constructions g/h(Zλ), where h(Zλ) is any subalgebra of
g which preserves the Zλ-invariance of g/h. Equivalently, one can start with the OVME
constructions Tˆgλ/hη , hη ⊂ gλ (see Ref. 1) and complete these orbifolds via the duality
transformations in Eq. (4.22).
• A(Dλ)/Zλ with prime λ
If λ is prime then every twisted sector of any orbifold A(Dλ)/Zλ has order ρ(σ) = λ, and so
these inverse inertia tensors take the simple form
Labr (σ) =
1
λ
λ−1∑
K=0
e−
2piiN(σ)rK
λ LabK = Lab−r(σ), σ = 1, ..., λ− 1 (E.18a)
cˆ(σ) = c = 2λkηabL
ab
0 , ∆ˆ0(σ) =
kηab
4λ2
(
λ2 − 1
3
Lab0 −
λ−1∑
s=1
csc2(
piNs
λ
)Labs ) (E.18b)
where LabK is any solution of the reduced VME (2.30). The gauge/periodicity condition on
L in (E.18a) shows that all the sectors of these orbifolds are in the OVME.
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• A(Dλ)/Zλ for λ ≤ 7
Every twisted sector σ of every A(Dλ)/Zλ orbifold with λ ≤ 7 has order ρ(σ) = 2, 3 or λ. As
a result, we will see that, up to automorphisms of the orbifold affine algebra (see App. C),
every inverse inertia tensor of these orbifolds is in the OVME.
Sectors with order ρ(σ) = 2 have only two twist classes, r = 0 and 1. Using the identity
r = −r mod 2, r = 0, 1 (E.19)
we see that the periodicity of L implies the gauge/periodicity condition
La(j)b(l)r (σ) = La(j)b(l)r±ρ (σ)→ La(j)b(l)r (σ) = La(j)b(l)−r (σ) (E.20)
and so L(σ) satisfies the OVME at order ρ(σ) = 2. The sectors with order ρ(σ) = λ are also
in the OVME (see Subsec. 3.8).
The final case, ρ(σ) = 3, is more difficult. There are two such sectors in A(Dλ)/Zλ with
λ ≤ 7:
λ = 6, σ = 2 and 4, ρ(2) = ρ(4) = 3. (E.21)
For brevity we will restrict our attention to the sector σ = 2, but the same approach can be
applied to σ = 4. The inverse inertia tensors L(σ = 2) are given by the duality transformation
(3.42):
La(j)b(l)r (2) =
1
3
(Labj−l + e
− 2piir
3 Labj−l+2 + e
− 4piir
3 Labj−l+4). (E.22)
In particular the j = 1, l = 0 components can be rewritten using the reflection symmetry
in (E.2c),
La(1)b(0)0 (2) =
2
3
Lab1 +
1
3
Lab3 , La(1)b(0)1 (2) =
1
3
(1 + e−
4pii
3 )Lab1 +
1
3
e−
2pii
3 Lab3 (E.23a)
La(1)b(0)2 (2) =
1
3
(1 + e−
2pii
3 )Lab1 +
1
3
e−
4pii
3 Lab3 (E.23b)
and we see that generically
La(1)b(0)1 (2) 6= La(1)b(0)2 (2). (E.24)
Since L does not satisfy the gauge condition in (E.3a), the sector σ = 2 is not in the OVME.
On the other hand, we can find a physically-equivalent L(σ = 2)′ that is in the OVME
by using the automorphisms of the orbifold affine algebra (see App. C) at this order. The
choice of automorphism
Ajl(r) = δjle
2piirl
3 : Pjl = δjl, β(j) = j mod 3 (E.25)
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yields the physically-equivalent inverse inertia tensor
La(j)b(l)r (2)′ =
∑
j′,l′
La(j′)b(l′)r (2)Aj′j(r)Al′l(−r) =
1
3
e
2piir(j−l)
3 (Labj−l + e
− 2piir
3 Labj−l+2 + e
− 4piir
3 Labj−l+4)
(E.26)
which in fact satisfies the gauge/periodicity condition of the OVME.
To see this, we note that there are only two cases to consider (j = l = 0 and j − l = ±1)
because j and l are 0 or 1 when (λ/ρ) = 2. The symmetry Lr = L−r follows in the first case
since we can use the reflection symmetry (E.2c) to write
La(j)b(j)r (2)′ =
1
3
(Lab0 + 2 cos(
2pir
3
)Lab2 ) = La(j)b(j)−r (2). (E.27)
For the case j − l = ±1, we can again use (E.2c) to obtain
La(j)b(j±1)r (2)′ =
1
3
(2 cos(
2pir
3
)Lab1 + L
ab
3 ) = La(j)b(j±1)−r (2) (E.28)
so L(2)′ is in the OVME.
This completes the demonstration that, up to automorphisms of the orbifold affine alge-
bra, all sectors of all orbifolds A(Dλ)/Zλ with λ ≤ 7 are in the OVME. When λ ≥ 8 however,
many twisted sectors of A(Dλ)/Zλ can only be found in the cyclic OVME (4.14).
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